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I. INDEFINITE INTEGRAL

Definitions. Properties

Names, definitions, theorems Formulas
An antiderivative (a primitive) of a given
function f(x) in a given interval is any function F’( x) = f ( x)

F(x) whose derivative is equal to the given
function for any point of this interval.

Let Fl(x)i Fz(x) are antiderivatives of a
function f(x) in any interval then

An indefinite integral of a function [ (x) isa
set of all antiderivatives of this function and is

denoted by the symbol I fx)ax.

The flx) called the

integrand, the expression f (x) dx 1is the
element of integration, and the variable x is
the variable of integration.

function 1s

[ flx)dx
It is read: the indefinite

integral of a function f/(x]
with respect to x.

Properties of Indefinite

Integral

The derivative of an indefinite integral equals
the integrand

fx)

[ #lx)as]

The differential of an indefinite integral equals
the element of integration

dJ' flx)dx = f(x)dx

The integral of a differential of a function u is
u plus an arbitrary constant C

Idu: ut C

A constant may be moved across the integral
sign

ICf(x)dx = CJ f(x)dx
(C % 0).

The integral of a sum of a finite number of
functions is equal to the sum of the integrals of
these functions

n

IZlfk(X)dx Ifk(x)dx

=1




The Table of Integrals

Rules of integration

1,JODdx: C

2. [

ut v)dx= Judxir J'vdx

3. J Af(x) dx = Af f(x)dx, 4 is a constant

4.

I u Ovdxl

0

here are no formulas in the general

| L E case
v

Integrals of power functions

IT

Integrals of exponential
functions
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1. J’sinudu = -cosutC

2. Icosudu =sinut+ C

du
S.J = tanut+ C
Integrals of trigonometric cos? u
IY | functions du
4.[ —— = -cotut C
SIn u
5. J’tanudu = - ln‘cosuh C
6. J’cotudu = ln‘sinuh C
du u
J’ —— = Injtan—|+ C
sinu 2
[13 . 2 du . u
1. “Formula of antysine J’ ——— = gresin—+ C
a’-u’ a
9 “F la of { t du larctanu + C
V¢ angent” 5, - —
ormula of antytang Ia2+u2 g P
du _ 2, 2
V | 3. “Long logarithm” _[ 5 Inw+ Nu=t a” |+ C
u-ta
du 1  |u-a
(13 3 3 2 _ = —ln + C
4. “High logarithm qu ~42 24 luta
VI 1. j’sinhudu = coshut+ C
2. J'coshudu = sinhut+ C
Integration of hyperbolic du
functions 3. J — tanhu+ C
cosh” u
du
4 [~ = - cothut+ C
sinh” u
dx= Flx)+ C _ 1
VII IfIf(X) X (X) then jf(k?” b)dx—%F(/oH b)'l'C




1.3. Trigonometric Formulas

.sin’x+ cos?x=1

Fundamental Trigonometric . sin x 3. cof COS X
. .tanx = .cotx= —
Identities COS X sin x
I 1
L1+ tan® x= — 5.1+ cot’ x= —
cos” x sin” x
) sin(a 1 ,B): sind cosf t cosa sinf
I Sum and Difference Identities
] cos(a 1 ,8): cosd cosf Fsina sin f§
tang t t
. tan(a t f)= in an f
1 ¥ tana tan f
111
LU m .
) smH—- xH: COS X 2. cosH—- xH: sin x
Co-function Identities 02 [ 02 [
m m
. tanH—- xH= cotx 4. cotH—- xH= tan x
02 [ 02 O
Lowering of the Order : sin 2x
1. sinxcosx =
1Y
, 1+ cos2x . 5, _1-cos2x
.COS " X = ——— 3.sin" x= —
2 2
1
. cosa cosf = —(cos(a + B )+ cosla - §))
Y | Product-to-Sum Identities 2

.cosq sinf =

. sin¢ cosf =

. sing sinf = - l(cos(a +B)- cosla - §))

2
(sin(a + ) sinfa - §))

N[ — | —

(sin(a + )+ sinfa - §))




1.4. Methods of Integration

Type of integral Recommendations
dx 1) Complete the square of quadratic expression

j' Y 2) Use formulas (VII) and (V).

ax +bxtc

Completing the square
dx ax +bx+c-aHx + H+c_ HH)H—H H c=

| 7= [ I 240 a2 H

Jax? + bx+ ¢

_ H b Hz 4ac- b*
Tallxt —[] t
0 2al 4a?

(Mx+ N)ax 1) Write in the numerator the derivative of quadratic
Y, form. Equate the coefficients.
ax + bx+c
2) Write the integral as the sum of two integrals.
a) Calculate the first of them using the formulas
(Mx + N )dx

J

u'dx u'dx
Jax? + bxt c IT-ln‘uMC orIT-Zx/—+C

b) Calculate the second integral using the method (A).

Simplify f (x)0g{x) such that to use the formulas (VII)

and (I) — (Y).
Rewrite the given integral in the formj f (x) d (G) , using
[rxele) e | el ] elalet) = dlGl).

Then

a) if flx)= f1(G(x)) and J fl(G) d(G) is a table integral
with respect to the new variable of integration G,
integrate it.

b) If (a) does not take place, use the method integration
by parts

e 0 du= f'\x)d
Judv: uv- Ivdu,where o f(x) ! f(x) x
dv=dGD v=G :

or use the methods which are denoted below.

10




Integration of a
rational fraction

1) Verify if this fraction is a proper or an improper
fraction. If it is an improper fraction, use the long
division to receive a whole part and a proper fraction.

2) Factorize the denominator of the proper fraction using
the factors of the kind

x'a§(x-a,)k;x2+px+ q- 01 x2+px+q !, where

D D = p2 -4g< 0.
Ply)
I 0 ( x) 3) Verify if the proper fraction is reducible or not. If it is
" reducible, short it.
4) Write the irreducible proper fraction as the sum of
partial fractions
'R(x) oAy n Ay .
o) e per g [x-a)® [e-a)F
Al M1x+ Nl M2x+ N2
+ 1 Tt 13 T3 ..t
x-a (x T pxt q) (x t px+ q)
M ,x+ N,
(x2 t pxt q)
5) Find coefficients of partial fractions using “finger’s
rule” or method of indefinite coefficients
E ' R(cos x,sin x) dx
j' sin ax [cos bx dx,
-[ cos ax [icos bx dx, Simplify the integrand using “Product-to-sum
E, Identities” (page 9)

j' sin ax Osin bx dx,

I sin2" x[Ocos2" x dx

11




Substitution :
a) R(- sin x,cosx) =

cosx =t sinxdx=-dt
= - R{sin x,cos x .
( ’ ) sin?x=1-1¢?
E,

b) R(sin x,- cos x) =

Substitution:cosx = ¢t sinxdx = - dt
= -R(sinx,cosx) sin® x= 1- ¢
Substitution:
dt
a)tanx =t dx-= >
I+t
. t
sin x = ,
R(- sin x,- cos x) = 1+ ¢2
= R(sin X, COS x) 1
COS X =
1+ ¢
or

bycotx= 0 dy= -

1+ 42
. 1
sin x = )
1+ ¢2
o
COSX -
1+ ¢2

2dt
tanE =t x=2arctant] dx-=
Universal Substitution

1+ 2
) 2t
Sinx = 3
1+ ¢
1- £2
COSXx = 7
1+ ¢

12




Integration of Irrational Functions

Substitution: gx+ b = ¢V, where
N = LCM (ky,..k,) (the least common

J'R(x,k\‘/ax+ b,..., ax + b)dx _ N - p V-1
F, myltiple) and x = 0 dx=Nt¢t" 'dt,
a
Yaxv b= (V'h
F Substitution:
P I dx k=12 1u stitution p
xk\/ax2+bx+c —=tl dv=-—
X t
Jo s et e = Jett btt a
ax“+ bxtc= —
4
F J' dx 1. t0 dx=- izt,
3 x*ax® + bx+ ¢ X t
k=12 2 _Actt bttoa
vax® + bxt ¢z ————
t
= Qn_l(x) Wax® + bx+ ¢ +
1
o dx (1)
I:I P,(x)dx Vax? + bx+ ¢
\/ax2 tbx+tc
To find coefficients of Qn_l(X) and 1 use
the next algorithm:
Fy
1) differentiate the both parts of the equality
(1), using the formula (J‘ f(x)dx) = f(x);
2) reduce these fractions to the common
denominator and use the method of the
indefinite coefficients
o a asint dt
Substitution: x = —— 0 dx = >
Fs cost cos™ ¢
IR(X,\/xZ- az)dx 2. 2. asint
cost

13




formula

/ dt
J' R(x, a’+ x? ) dx Substitution: x = atanz [ dx = a—2
Fe cos“t
x*+a’ = .
cos?
II. Definite Integral and its Applications
2.1. Definition and Calculation of a Definite Integral
n
The limit of the integral sums z (fk)Axk asd - 0
k=1
EA = max Ax; Eis called the definite integral of the
.. k
Deﬁn-ltl({n of a function f(x) with respect to x over the interval [a,b] and
1 | definite integral .
it is denoted
) b
lim /(¢ ax, = [ flx)ax
£ "
This is read as the integral of f(x)dx from a to b,
a is the lower limit, b is the upper limit.
* If a function f{x) is continuous on an interval [a,b],
then its definite integral over [a,b] exists.
b b
[ flx)ax = Flx)|q= Flb) - Fla),
2 | Newton — Leibniz | *

where F' (x) is an antiderivative of f (x) on an interval

[a,b].
b

The symbol |, indicates that the value of the function

corresponding to the lower index must be subtracted from
the one corresponding to the upper index.

a

a) If(x)dx = ()

a

14




Properties of
definite integrals

b

f(x)dx = -Ivf(x)dx

a

b
kf (x)dx = k[ f(x)dx

=3
~

c)

d)

QYT QY™ & O/

b b
(/)% g@))dx = [ f(x)dxt [ g(x)dx

a
b

e) If f(x)2 g(x) on [a, b] then j J(x)dx 2 [ g(x)dx

a

b c
b [ /() | [ = [ f()ds
a b a
10 if (- x) = - f{x)

Integration by parts

a _ D 4
2 _Jaf(x)dx-§ 2f flxla.it £(- )= £
fudv uv Jl')vdu

a

Let f(x) be continuous function on a closed interval [a, b].
Assume that x = ¢ (x) satisfies the conditions
a) ¢ (x) and ¢ '(x) are continuous on a closed interval

Integration by
substitution [a ,B ] ;
b) a< ¢ ()< b whena << B,
¢) #(a)=a,¢(B)= b.Then we have
b B
[ flx)dx= ] flg (e))o " (¢)ar
a a
b
Geometrical The definite integral I f (x) dx
meaning of a
definite equals the area S of a region bounded above by the graph
integral of the function ¥ = f (x) > 0, on the sides by vertical lines

through X = @ and x = b, and below by the x-axis
b

S= Jf(x)dx

a

2. 2. Geometrical Applications of Definite Integral

15




nb = =
[ 7204~ nlxaxiep:g” ok = alalg
Ou nas< x<b i

0 : . .
Area of a plane 0 the Cartesian system of coordinates ;
region

[
@ﬂ o)x'(d)de,if D:{x= *{e), v = He)a < £ B),
O the parametric form;

0
0

D o D nle)r= nle)
PlrZ(p) - 2 dp ,if D ! 2
2o ey ie g TR

i
0,
i i
i the polar system of coordinates
p Yy

b

Ofy14 (') dx,if £:{y= y(x),as x< b},
Ua
Length of a plane

curve the Cartesian system of coordinates ;

)2 ()2 drif e:{x= 2le).y = yli)a < o< p),

the parametric form;

E? Nt ()2 dg it o= A8 )0 < 6 < B,

a the polar system of coordinates

~
1
o | I |
U — ™=

Let there be given a body bounded by a closed surface
and let the area S (x) (a < x¢< b) of its any cross-section
Volume of a solid by a plane perpendicular to the x-axis be known then the

volume of this body is
b

V= IS(x)dx.

a

16




Volume of a solid
of revolution

Let a solid be obtained by revolving a curvilinear
trapezoid bounded by a curve y = y(X) with the base
|, b] about

a) the x-axis b) the y-axis

then the volume of these bodies are calculated by the
formulas :

b b
a) Vy = ITJ' y?(x)dx b)Vy = 2ITJ' xydx

Area of a surface of
revolution

Let the surface be obtained by revolving a curve

V= y(x) with the base [a, b] about the x-axis, then
b

Sy = 2m[ 1+ () dx

a

III. IMPROPER INTEGRALS

Improper integral of
the first type

+ 0

a) If(x)dx: lim Ff(x)dx:

B- tw
a

_ tim (F(B)- Fld) _p(s o) £ld
b) _f f(x)a’x:Alqu?l00 ff(x)dx =
:Aljf{lw(F(b) - F4)) F(p) - F(- o)

+

c) If(x)dx:F(+ oo)— F(— 0 ),

=0

where F (+ e ), F (' 0 ) are, respectively, the limits (if
they exist)as x - +® and X » -®

17




2. | the second type

Improper integral of b) I f( x) dx =

7f(x) doesnotexist 1 ¢

B Hin the point b H=£1{rr(1) £f(X)dx, >0,
0f(x) does notexist 7
=1
Hin the point a H Elqn})ajigf(X)dx, £>0.

0f(x) does not exist

o) flx)ax =

:Hin the point ¢, a < ¢ < bH N

=limHCrf(x)dx+ ff(x)dxH, £>0.

£- 0
a cté

Note: If at least one of these limits does not exist or is infinite then
the corresponding improper integral is called divergent.

IV. INTEGRAL OVER a FIGURE (Multiple Integrals)

4.1. Definitions

Types of figures

Ne | Name

Definition, formula

1 One-dimensional figure

a segment of a straight line: @ - [a, b]

a part of a plane curve : @ = L

a part of a curve in a surface of a space :

@=L

2 | Two-dimensional figure

a domain in a plane: @ = D

a surface in a space: @ = S

18




3 | Three-dimensional figure | a spatial body: @ = V
Measure of a figure ( 1 (<D))
Measure of one-
4 | dimensional figures Length
Measure of two-
5 | dimensional figures Area
Measure of three-
6 | dimensional figures Volume
7 | Diameter of a figure Diameter of a figure is the greatest distance
between two points of this figure.
8 Diiflmetel('Ao)fa partition of | } = max(1,,1,,...1 ] _where /¢ is the diameter
a figure
5 of the k-th subfigure of the given figure
9 | Integral over a figure .2
J‘f(P)dy = lim Y f(P,)Ap ;. where = maxdp,
¢ /‘ d 0 k:l k
[ du = (@)
@
. ka(P)dﬂ - kj f(P)du | kis a constant
10 | Properties of integral o o

over a figure

.yﬂﬂidﬂwﬂjﬂﬂwtjdﬂw

v 1f f(P) < g(P), for any PU @, then
[ f(Pdu < | g[P)dy
@) (e

' If @=@;0 @y and Py D, = @, then
[fP)dy = [ f(P)du+ [ f(P)dy
@ )

| ®,

19




4.2. Special Types of Integral over a Figure

b
[ [ flx]dx- adefinite integral

—»@@ - Ia, bl_ () a
4.@7¢ - [ L'--: If(P)a’l- a line integral with

respect to arc length
If(P)dﬂ—> e y)dxdy -
) )@= D J jgf(x y)dxdy

a double integral

4@7@ = S _(L'": ijf(X,y,Z)ds—

a surface integral

I...: J” f(x, ¥y, Z)dxdydz-

—»@—¢ - V —0 14

a triple integral

Note,

a) a line integral with respect to arc length sometimes termed a line integral of
the first type or cuvelinear integral.

ds

b) a surface integral I 5I f (x, V> Z) sometimes termed a surface integral of the

first type.

20



4.3. Iterated (Repeated) Integrals

Iterated (repeated) b plal
integrals are integrals a)f dx J’ f (x, y) dy
of a kind a yl(x)

d xz(y

b) [dy [ /x.y)dx

¢ xl)

b yz(x)
a) To calculate [ dx [ f (x, ¥) v, it is necessary:
a yl(x)
7, (%)
* calculate the inner integral: [ .f (x, ) dy= F(x),
e
taking x as constant;

b

Calculation of + calculate the outer integral: J F(x)dx
iterated integrals u

d Z(y)

b) To calculate [ dy [ f (x, ¥) dx it is necessary:
¢ xl
1

* calculate the inner integral:
xy ()
[ flx,y)dx = Fly);

xl(y) Y= const

d
* calculate the outer integral: J' F (y)dy

C

4.4. Calculation of an Integral over a Figure

5 b
Calculation of definite J’f(x)dx = F(x)| = F(b)- Fla). where F(x) is an
integral a a

antiderivative of f (X) .

21




Let a plane curve L be given in the Cartesian system
of coordinates L:y = \x), as x<b,

then
[/ [ flx, o) 1 (o))

a

b) Let a plane curve L be given in the parametric
Calculation of line Ox = x(t)

integral with respect to form L % y=e) astsh,

the arc length

f(P) i then
| [ b3V A AT - e

a

c) Let a plane curve L be given in the polar
coordinates L:r= r{§ ),a <§ < B |
then

Ox= rcosp,y= rsing

Jf(xay) dl:D
L Rdl = \Jr? + (') dp

b
:If(rcos¢ ,rsing ) Dmﬂj

[
|:|:
i

d) Let a space curve L be given in the parametric
Ox = x(t

[
form, L:[y = W) a<e<p , then

iz = {1

[ Sx,p,2)dl
L

;
= [ Axle), o) 2le) ol (2) + (0(0)? + (2(2) e

22




Calculation of double
integral ,g f (x, Y )dxdy

b yz(x)
a) Igf(x,y)dxdy: I dx I)f(an’) dy | where

a yl(x
[a,b] = Pry, D,
= ylx] is the lower boundary of the region D,
¥= y,lx] is the upper boundary of the region D.

d xz(y)
b) J'llf(x,y)dxdy:Jo dy If(xay)dx,where
¢ xl(y)

lc,d]= Pry, D,
x= x;(yl is the left boundary of the region D,
x= x|yl is the right boundary of the region D.

¢) A double integral in polar coordinates:

xX=rcosf,y=rsing ,dxdy= rdrdf
g o)
” f(an’)dXdy:J' df 2{ f(r cosf ,rsing )rdr,
D
n ¢)

a

. Oo <9 <P,
fD:
CE ) < e (o)

Calculation of surface
integral of the first

. type: ISI f(x,y,z)ds

a)LetS3Z:Z(X;J’)> (an’)Dny:PrxyS,then
”f(x,y,z)ds -

S
” flx, v, 2(x,y)) \/1+ (z'y)zdxdy
Dy

b)LetS:y: y(x,z), (XJZ)D sz = PI’XZS,then
” f(x y,z)ds -

N

xyxz 1+y + ? dxdz
1 ). z1+ (v,
Dy

C) Let S:ix= X(y,Z), (yaZ)D Dyz - Pryz S,then
[[f{x.y,2)ds -
S

I Flelvz) vzt [+ (x)) dye 2

¥
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Calculation of triple
integral

I” f(X,y,z)dxdde

) Jff Sy 2ldsdydz_ 1 dy " flxy.z)d =)
V )
where

D xy 18 the projection of V on the xy- plane;

¥, (x.2)
Jf(x,y,Z) dy,
Y1

xz)

b) I” f(x,y, Z)dxdde: ” dxd 2
4 DXZ

where

sz 1s the projection of V on the xz- plane;

X (y,z
o) [[[ £ v 2hdsdvde _ (1 ( fl 2],
d Dy, xl(y,z)
where
D

yz 18 the projection of V on the yz- plane.

Triple integral in
cylindrical coordinates
0x = rcosf,

0 :

Oy = rsing,

HZ:Z

If X= rcosf,y=rsing,z= z, then
dv=rdrdy dz and

J'”f(x,y,z)dv= I”f(”COS¢ ,sing ,z)rdrdy dz

V Vv

Triple integral in
spherical coordinates
Ox = rsinf cosg,

Hy: rsinf sing ,

Hz = rcosf

If x = rsinf cos§, y=rsind sing, z = rcosf |,

then dv = r? sinf Odr 0d¢ 0d6
and

J'”f(x,y,z)dv =

vV

= J”f(rsin@ cosf , rsinf sing ,rcosf )r2 sinf drd¢ db
4

4.5. Geometrical Interpretation of Integral over a Figure
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Formula

Explanation

[du = p(@)
)
1s the measure of a

figure @

Particular cases:
1. - la,b] , then

b
é[odu - [dx=b- ais the length of |, b]
2. ® = L, then

(ID al = £ al is the length of the curve L

3. 9= Sp, then

(.L i = '[zl dxdy = Sp is the area of the region D

4. @ = §, then

(L di = j SJ ds=§ 1s the area of the surface of S

5. @ = V, then

(L di = .[ II/ I dxdydz= V is the volume of the solid V'

4.6. Physical Applications of an Integral over a Figure

Ne | Formula Explanation
1 | Mass of a figure @ | (@) - [p (P)du
b )
where p (P) is the density of the given figure.
2 Definite Integral
2.1 | The distance
traveled by a body b
between 7 = a and ¢ S = J'v(l‘) dt
moving with velocity a
V= v(t)
2.2 | Work of a Variable b
over Power F(x) A= JF(x) dx
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2.3

Static moments of a
plane curve

y= flx),as x< b
with a density

aboutx axis M, =

abouty axis M, =

/(xy)
2.3, Static moments of a 12,
. i M, =— dx
(a) | plane trapezoid about x axis x 2[ Y
boun?e? by b“
y=flx),x= a, : _
¥z byz 0 about y axis My—J;nydx
2.4 | Static moments of a _ 120 ., 5
plane region about x axis M, = Ej (f (x)- ¢ (x))dx
bounded by “
L PO VR P T B R P
f(x)z g(x)as xg p| PO AXE 4 [Z &
2.5| Center of gravity M, M,
of a curve part (the | Xc = — Yc = ’
H H
center of mass)
where F is the length of a figure
3 Double Integral
3.1| Static moments of a | with respect to the x-axis

plane region D
with a density at a
point: y(x,y)

(the first moments)

M. = [[ y0yx ) dvdy
D

with respect to the y-axis
M, = ”x Dy(x,y) dxdy
D

3.2 | Center of gravity of M, M,
a region D xC‘y_a Ye - i
where # is the area of a figure
3.3 | Moments of inertia

(the second
moments)

about the x-axis 1+ =[] ? Oy x, y) dxdy

D

about the y-axis 1y = ngz 0y (x, y) dxdy

3.4

The polar moment
of inertia about the
origin

Io = ([ r? Oy (x, y) dxdy
D
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4 Triple Integral
with respect to the xy-plane My = I IJ/ I zy (x V> 2 )dv
4.1| Static moments of a | With respect to the xz-plane M ? J'IJ/J'J/V bzl
solid V
with respect to the yz-plane My, = I [J/ I Xy (x,y ,z)dv
_ My _ M, _ M,
4.2 | Center of gravity of | *c = — > Ye - M Zc = y
of a solid V where H is the volume of a figure V/
- 1., = ([[z%y (x ¥ Z)dv
with respect to the xy-plane *»w I If/ I >
- 1 =I”y2y(xyz)dv
4.3 | Moments of inertia | With respect to the xz-plane “ = >

vV

with respect to the yz-plane 1y, = Ilj/fxz Y (x,,2)dv

about the x-axis 1 ~ II,U(J’?' i Zsz(x»y,Z)dV

about the y-axis Iy = JIU(XZ t Zz)y(x,y,z)dv

about the z-axis /= ~ IIU(xz * yz)y(x,y,z)dv
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V. FIELD THEORY

5.1. Line Integral of the Second Type
(Line Integral with respect to coordinates)

a) Let functions P ( X, y) and Q(X, y) be continuous functions defined over a smooth
plane curve L

Line integral of the

a, |second type (a line I=| P(x,y)dx+ Olx,y)dy
integral with respect to the L
coordinates)
* Let a plane curve L be given in the Cartesian
system of coordinates: L:y = f(X), as< x< b,
then
b
Calculation of a line I= J'(P(x, flx))+ Olx, fx) £(x))dx
q. |1integral over a plane curve a
2
* Leta plane curve L be given in the parametric
Ox = x(t)
form, L:[0 a0 $t< B,
0y = ylt)
then
B
1= [[Pxe), y{)) x'(e)+ Olxlt), y{1)) (1)) ar
a
b) | Let functions P(x,y, Z), Q(X, Vs Z) and Q(X, Vs Z) be continuous functions
defined over a smooth space curve L
Line integral of the second
b, | type (a line integral with I P( X, Y, z) dx + Q( X, ¥, z)dy + R(x, V, z) dz
respect to the coordinates) | 1
Calculation of a line integral: let a space curve L be given in the parametric
Ox = x(t)
b formLI%y:y(t) 0 <t< B, then
2

iz = (i)

IP(x,y,Z) dx+ Qlx,y,z)dy+ R(x, p,z)dz =

h

= (1Pl o) )1+ QL) el =l (e + ROe) ol =) =)
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5.2. SURFACE INTEGRAL OF THE SECOND TYPE
(Integrals over an Oriented Surfaces)

field

1 Oriented A surface S is called the oriented surface if there the unique
Surface normal 7 at each point of the given surface is defined
2 Integral over
Oriented
Surface Sor | 1= [[Plx,y,2) dvdz+ Qlx, y,z)dxdz + R(x, y,z) dxdy
integral of the S
second type
3
I t ” Pdydz t g‘[ QOdxdz t D” Rdxdy ,
yz Xz Xy
Calculation of a | Where D, = yI:)rZS, Dy = E)rZS, Dy = )E)I;S
surface integral
of the second
type — —0
yp I:IJﬁF’n ﬁdsawhere’
S
— —0
” ﬁF » ﬁdS is the surface of the first type,
F(M)= Pla,y.2) i+ Olx,p.2) j+ Rlx,p.2) &,
S:f(x,y,z) =0 and
—0 _ grad f
= 7—— _ 1s the ort of a normal to S
‘ grad f ‘
5.3. Scalar Fields
Ne Name Formula
1 | Scalar field If a scalar point function # = u(M) is defined in the domain 7,
it is called a scalar field in V'
Level line of a | A level line (curve ) is a set of points of a plane in which scalar
3 | plane scalar function u(x, ¥) takes the same value: u(x, )= C.
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Level surface of
a scalar field

A level surface is a set of points of a space in which scalar
function #(x,y,z) takes the same value, i.e. (x,),2z)= ¢,
where ¢ = const

Gradient of a
scalar field

Gradient of a scalar field is a vector, whose coordinates are
equal to the partial derivatives of the function #(xX,,2) at the
point M :

gmdu(M) = 6u(M);,+ au(M)}+
dx dy

aua(iw) ];, (grad u- D_u)

Directional
derivative of a
scalar field

Directional derivative of a scalar field #(x,,2) at the point
M in the direction of the vector ¢ is a scalar product of

gradient of this function by the ort of the given vector:
Ou(ﬁl) = ﬁgrad u(M), aoﬁ ,

—L = a—chosa t a—MDCOSB t a—chosy
la 0x 0y 0z ’

where €080 | cosf | COS} are directional cosines of the vector

a.

Physical
meaning of a
directional
derivative

1. Directional derivative of a scalar field #(x,,2) at the point
M in the direction of the vector 4 is a rate of change of a
function #(X,,2) at a point M in this direction.

u . . . . . —
2.If —=> 0, then the function ¥ increases in the direction ¢,
a

. 0u . e
if —= < 0, then the function ¥ decreases in this direction.
a

da

u in a direction ¢ ata point M .

3. A value

is the instantaneous velocity of the function
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1. Gradient of a function # denotes the direction of the maximal
increasing of this function.

Physical 2. The maximal rate of change of a function ¥ at a point M is
meaning of a equal to module of the gradient of this function at the giving
gradient point:
2 2 2
raun]s [[FHDF ODE", Jouci
0 0x [ Iy 0 0z [
5.4. Vector Fields
If, to each point M in some region V', a vector F= F(M ) is
assigned, the collection of all such vectors is called a vector
field
Vector field

F[M)= Plx,y,z) i+ Olx,y.z) j+ Rlx,p,2) k

A vector lines of
a vector field

A vector line of a vector field

F(M)= Plx,y,2) i+ Q(x, 2] j+ R(x,y,2) k

is a curve at whose every point M the direction of its tangent
coincides with the direction of the vector ]?(M ) :

Equations of vector lines are the solutions of the following
differential equations:
dx dy dz

P(r,y.2) O y.z) R(xy.2)

Flux of a vector
field

Flux of a vector field F(M ) across a surface S is the surface

integral of the scalar product of the vector field by the unit
normal vector to the surface, taken over this surface , defined

by the equation f(x,¥,2)= 0
K=([Fn'ds
$

—no _ grad f
where ‘gm 7 f‘
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Properties of a
flux

1. A flux is physical meaning of surface integral of the
second type.

2. A flux K of a vector I?(M ) 1s a scalar value.

3. A fluid flux is the amount of fluid flowing through a
surface in a unit of time

4. If a surface S is closed and bounds some volume V', then
K= EBF D_nods
S

* If K > 0, then there are sources in V'

* If K< 0, then there are sinks in V

* If K = 0, then the amount of fluid flowing in V" is equal to
the amount of fluid flowing out /' in a unit of time. Such field
is called a solenoidal field.

* Flux is the physical meaning of a surface integral of the
second type.

Divergence of a
vector field

Divergence of a vector field Fata point M is the sum of
partial derivatives of F at the given point:
o) 7). 200aa) 9RL

0x dy 0z

Properties of a
divergence

 If divF(M,)> 0, then a point M yis called a source.
*If divf(M o) < 0, then a point M is called a sink.

* If  divF = 0, then the vector field is a solenoidal field.
* Divergence characterizes the capacity density of the source of
the vector field.

Circulation of a
vector field

Circulation of a vector field F(M) over the closed contour L
is the line integral of the scalar product of the vector F(M) by

the vector g tangent to the contour L taken round that
contour.

C:= fﬁﬂ%ﬂ C= pPdx+ Qdy+ Rdz
L L

A potential field

If the circulation of a vector field equals zero, then this field is
a potential field.

Ifa curve L is in a force field F, then the circulation is work
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Physical of this field when a point is displacement along the curve L
9 |meaningofa | 4= [ Plx,y,z)dx+ Olx,p,z)dy+ R(x,y,z)dz
circulation 19
If a vector field is potential, then the work does not depend on
the form of curve. It depends on the initial and terminal points
of this curve.
Rotation (curl) i ]_ k
10 | of a vector field — | 2 9
F rotll = | — — —
x 0y 0z
P O R
11 * Direction of rotor is the direction, around which circulation
Physical has the maximum value comparatively with the circulation
meaning of a around any direction that does not concur with the normal of a
rotation plane region bounded by closed contour.
' If 7ot F = 0, then a vector field is potential (irrotational)
Hamiltonian
12 /=09 0o 9 = _H0u du du
D T HY 2, 2, Du- T, .
dx dy 0z Ix 0y 0z
— H0u du du —
Properties of LOwu=g-—,——,——50 Ou= grad u
N dx dy 0z
Hamiltonian _ —
13 2.0 F=divF
3.0x F=rotF
4. divgradu= A u
Laplace 12 1% 0%
14 | operator bu- Tt — ;
A= T 00 ix” dy° 0z
Green’s formula gives us the connection of the line integral of
the second type with the double integral:
15 | Green’s dQ dpP
formula f’P(an’)dx + Olx, y)dy = [ %— - d_yﬁdm’y'
L D

L is the boundary of the domain D and the integration along L
goes in the positive direction.

Gauss-Ostrogradsky formula gives us the connection between a
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Gauss-
Ostrogradsky
16 | formula

surface integral and a triple integral
[F ' ds = [[[ divFdxdydz
N 4

The flux of a vector field through a closed surface S in the
direction of the outer normal is equal to the triple integral of
the divergence of the field over the spatial domain * bounded
by this surface.

17 | Stokes’ formula

pFdr= ([rotF n'ds

L N
The flux of the rotation of a vector field F through the surface
S is equal to the circulation of the vector field over L, which is
the boundary of the given surface. S.

Helmholtz
18 | theorem

F(M)= F(M)+ F(M])

%r_/

potential solinoid
Any vector field 17( M ) can be represented as a sum of two
vector fields, one of which is potential, another is solinoid.

19 | Harmonic field

Vector field F is called a harmonic field if it is a potential and

o  HrotF=0,
a solinoid at the same time, 1.e. ] —
HdivF = 0

VI. DIFFERENTIAL EQUATIONS (DE)

6.1. DE of the First Order: F(x,y,z) =0

The name of DE Conditions Recommendation for the solution
1. DE of the first y' = f(x,y) (1) |See the types of DE of the first
order Mlx, y) d = N( X, y) dy (2) order
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1) reduce the DE to the form

. o dy
2. DE with (;\f[( )_ Py ( )[Y( ) (2), knowing that y = E;
sepflrable BV ARAEALY 2) separate the variables
variables Nlx,y)= X, (x) 1y (y)
3) integrate the both parts of DE
f(tx, ly) :f(x, y) 1) reduce the DE to the form (1);
. 2) do a substitution:
3. DE with or y): wx [ y, - u'x+ .
homogeneous ’
coefficients

M(tx,ty)= tkM(x,y)
N(tx,ly)= tkN(x,y)

3) solve DE with respect to the

new unknown function u and

return to y, using the relation
y

u= =
x

4.Linear DE of the
first order

¥+ Plx)y= 0[]

1) do a substitution:
y=wl y=uvtu

2) solve the system:
v + Plx)v=0

fu'v= 0fx)

3) write out the answer:
v = ulx) D)

4. Bernoulli’s DE

¥+ Plx)y=0[x)y",n# 0,1

1) do a substitution:
y=ul y=zuv+w

2) solve the system:
v+ Plx)v=0
qu'v=Ox)u"v"

3) write out the answer:
V= u(x) Dv(x)
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6.2. The Second Order DE F(xa y,y',y") =0

Kinds of DE

Recommendation for the solution

1. The left-hand side of
the equation does not
contain y

) Put y' = z(x)0 »"=z'(x), where
z(x) 1s the new unknown function.

2) Solve the first order DE
F(x,z,2') = 0 with respect the new
unknown function Z(x) .

3)Solve the first order DE Y= Z(x) )

2. The left-hand side of
the equation does not
contain x

1) Put ¥' = z(») where z{¥) is the
new unknown function depen-
ding on variable y, then

yu - Z'(y) yr 0 yvr - Z’(y)Z

2) Solve the first order DE
F(y,2,2'z) = 0 with respect the
new unknown function z (y)

Solve the first order DE y'(X) = Z(y)

3. The left-hand side of
the equation does not
contain y and )'

The form of DE
F(x,y',y") =0
F(y,y’,y”) - 0
yu - f(x)

Integrate the given equation twice:
1) y= If(x)dx+ C
2) y= I(f flx)dx)ax+ cixv €,

Note: it is possible to solve a DE of a kind y(”) = f (x) by integrating this

equation z times.

6.3. Particular Solution of DE, Cauchy’s Problem

1F(x.y.5')= 0
1.0

Hy

z =y
xxo 0

arbitrary constant C.
3) Write out the particular solution (integral) of the given DE.

1) Find a general solution (general integral) of the given DE.

2) Using the iitial condition )| .. . = Vo find the value of
0
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2
0 1) Find the general solution (general integral) of the given DE.
DF(x,y,y' y")= 0 0 )
H @y v=x ~ Yo
OV x= X, = Yo 2) Using the initial conditions [ find the values of
- | SR
@y x=xy ~ Yo the arbitrary constants C; and C, .
3) Write out the particular solution (integral) of the given DE.
6.4. Linear Differential Equations of the Second Order
with Constant Coefficients
LDE
HLDE NLDE
v
Characteristic | YeN : YeH 1 Ypny T ]
> Equation
1)f(x) - eaxPn(x)D VPN ~ e® n(x)xk
00,if a# A% 4,
0. .
A #A,0R k=0Lifa= 1% 1, «—
— 2,ifa=1,=1)
Yeu - Cie'™ + Cye'? i b
AM=1,=10R
T yn = €(C O
Yo = € (417 LoX
2) f(x) = e™(M cosbx+ Nsinbx)L
=q t ] = ¥ + 1 k
hMp=atfi 0 ypy = €™ (Acosbx+ Bsinbx)x |

>y = "F(Cycosp xt Cysinf x)

LDE - linear differential equation

HLDE — homogeneous linear differential equation
NLDE — nonhomogeneous linear differential equation

Yeu ~ general solution of homogeneous linear differential equation
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YN ~ general solution of nonhomogeneous linear differential equation

Ypn ~ particular solution of nonhomogeneous linear differential equation

6.5. The Method of Variation of Arbitrary Constants

Let a nonhomogeneous equation be given:
Yyt g= fla), (1)
where f (x) is an arbitrary continuous function.
Let the homogeneous equation
y'itpytqg=0
corresponding to equation (1) have the general solution
y=Cyt Gy
where C; and C, are arbitrary constants. It is possible to prove that
y= Cilx)y + Cylx)y,
is a particular solution of the equation (1) if the functions Cl(x) and C 2(x) are the
solution of the system
0Cy + Coyy = 0

1Civi + Coyy = flx)
6.6. System of Differential Equations
* A system of differential equations is a collection of equations each of which
may involve the independent variable, the unknown functions and their derivatives.
It is always assumed that the number of the equations is equal to the number of

the unknown functions. For example

Ox' = ayx+ by

0y = ayxt by’ ()
where X = x(t), y= y(t).
Such form of the system is called the normal form.
Th . ap- A by |_ 0 )
e equation a) by - ) (2)

is called the characteristic equation of the system.
* To find the general solution of the system (1), we can use the next way:
1) Find the roots of the characteristic equation (2).
2) Using the corresponding formula for the solution of HLE find one of the unknown
functions of the system.
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function.

3) Substitute the found function to any equation of this system and find the second

VII. SERIES

7.1. Limits
Iim (X) = f (a) If a function f (x) is continuous at a point
0 D“( 7) X = a then the limit of this function when
X - a equals the value of the given function
atapoint X = d
1 1 The connections between infinitesimal and
' W - ' [o] =0 | infinite functions
sinu ~ 18U ~ arcsinu ~ arcigu | The trigonometric functions
~uifu- 0 sinu, I8U  arcsinu and a4rcitgu are
equivalent their argument if it tends to zero
1 X
imil+ 0 = e
-l X0 The second special limit
H a H/m " kb
im?Ul+ e
}clllo;lu bx+t cl
Remember! lim 4 n" = 1,a0R
Nno ®
i a"
s Any exponential function increases quicker
a>1 then any power function
0
0, n>m Compari'son (?f polynomials when argument
. P, ( x) ] tends to infinite
lim =00, n<m
X- @ Qm(x) Da
0" n=m
EL
1 f(x):ngD'lm—f'(x) T vmial®
x-a g(x) H0'w B x-a g'(x] L'Hopital’s rule
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7.2. Some Formulas Containing Factorials

1 n!= 10203 0..0n 0=1
3 | (2n)=112m0..028- 1) 020 (2n+ 1)1z 10203 0... 20020 + 1)
5 | (2n)n= 2040..002n- 2)02n (2n+ 1) 1= 130..02n- 1) 020+ 1)
7.3. Standard series
® 1 [converges ifa > 1,
1 | General harmonic series ) e Dd' if
N ndiverges ifa < 1
© , [Oconvergesif 0< g<1
2 | Geometrical series ) 4 Dd' ifa> 1
=1 ndivergesif ¢ 2
7.4. REMEMBER
1 | Necessary test of convergence If Zla converges, then lin; a4y =0
2 | Sufficient test of divergence f hn; 4 # 0, then Elan diverges
n=
7.5. Number Positive Series. Sufficient Tests of Convergence
1. Let 0< a, € b, ,then
Hf Z b, converges, then Z a, converges,
1 | Comparison Tests D n=1
Jif ) a, diverges, then Z b, diverges
n=1

H n=1
. a,
2. If llmb—: l, where {< 0, 0% 0,
then ) b,and) a,
n=1 n=1
both are convergent or both are divergen
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D’Alembert Test (Ratio Test)

an+1

= D, then

If Iim

no ®

. Jconverges for D< 1,
Z a, %diverges for D> 1,
el 1?2 forD= L.

Root Caushy Test (Root Test)

If lim %a, = C, then

n-

Jconverges for C < 1,
a, %diverges forC> 1,
! H ? forC=1.

S s

Integral Caushy Test

Let a, = f(n),

0 00

then ) @, and improper integral [f (x) dx are
n=1 1
both convergent or are both divergent.

7.6. Some Recommendations for Using of Sufficient Tests

If a,, is a power or an exponential function with respect to n use the comparison test.

If a, is a product of factors the number of which depends on n, use d’ Alambert test.

Particular case 1s when @,, contains 7!

(2) use the root Caushy test.

If a,, contains n in the base and in the exponent at the same time, but is not the case

If 1 — 3 do not give answer use the Integral Caushy test.

7.7. Alternating Number Series
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Definition of alternating number
series

00

A number series of akind ) b, =
n=1

n-1
Z(-l) a,,a,20
n=1
1s called an alternation number series

Absolutely convergence of an
alternating series

[ 00
If Y b= Y a, converges,
n=1 n=1

00

then ) b, absolutely converges
n=1

Leibniz Test

00 ") _1 )

Let ) b,=) (' 1)" a, isnot absolutely
n=1 n=1

convergent, but

1) aj<a<..<a,<..

2) 2)lima, =0 hen

this series is conditionally convergent and its
sum

i

n < a

S s

7.8. Power Series

Definition

A series of a kind
Z C&(X‘ xO)n
n=0

is called a power series

Taylor series for a function / (x)

flx) - "iwm(

N x-xo)"
n= M

Maclaurin series for a function

/{x)

7.9. Standard Maclaurin Series

t 1 "

-e%1+—+—+m+—+m=2
o2 n! Lon!
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t3 5 2nt1 ) 2nt1

t ot et i
2 tosingz t_§+§_'"+(_ ) (2n+1)!+""nzzo( RATIENE 0= o e)
2 4 2n
3 ~c0st:1——|+t4—!— +(-1) tz (2)' (0 (- w,+0)
0 D _ _
4 14 ) - 1+Zla (o - 1)C n!(a n+ )tn 0 (- 141)
e
5 REAEN » 10 (-1t
o |emle): ﬁo(;j)ftn, 0 (- 141)
. - LR | [ i
7 arcsinf¢ = l+n:0ml > lD( 1,+ 1)
g v arctant = ZO((z_nlj ] 0 (- 1)
9 * sinh¢ = ZO(2n1+ 1)|t2”+1 t0 (— 0 +oo)
10 * coshr= ) (;n)!tzna t0(- o t+a)

7.10. Fourier Series for Functions into
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y= f(x), x0 (— n,n)D f(x)~—+ ) (an cosnx+t b, sinnx)
where

n
Jf(x)cosnxdx, n=0,12,...
-n

n
If( x)sinnxdx, n=1,2,..
-n

1
St )= E(f(ﬂ - 0)+ f(r + 0)
If x is a discontinuous point then

S(x)= = flxo - 0)+ flxo + 0))

N |~

v y= flx), x0(- ¢,¢)0

flx)~ =2 ZHa cos nx+bnsinnan
l 0

nlD

9

Complex Form of Fourier Series

y= f(x),xD (- n,n)D

o .
Z Cneznx ,

n=—oo

nm
c, = 2L If(x)e""xdx, n= 04 L2,
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inl x

3, | v= flx), x0(- 600 flx)= Y ce !,
where
1 ¢ _inlx
c, = — f(x)e ¢ dx, n-= O,i l,i 2,
202,
4 Fourier Integral
Real Form of Fourier Integral
f(x)-= I(A(a))coswx+ B(w)sinwx)dw , where
4, 0
1 00
Aw)= — [ flt)coswedr,
r[ 00
1° .
Bw)=— If(t)sma)tdt
n -0
Complex Form of Fourier Integral
1 ? ix
4, f(x)= oy IF(‘U)ew dw | where

F)= o}f(t)e"‘” dt

=0

VIII. COMPLEX NUMBERS AND FUNCTIONS

8.1. COMPLEX NUMBERS
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‘ No ‘ Definitions, theorems ‘ Formulas
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A complex number is an
ordered pair of real
numbers

z :(x,y) , where

x is a real part, y is an imaginary part

2 xy = x;
(xpyl) = (x.3) = T _
Arithmetic operations W= Yz
(e wi)t (202 ) = [ £ 30090 ¢ 25)
(131 ) (300 02) = (rixy = piv2. 300 + 913,
3 | Imaginary unit i=(0,1])
01, ifn= 4k
4 o o, Hioifn= 4k
Powers of imaginary unit i |17 = [ .
0” I, ifn=4k+ 2
H-i,ifn=4k+3
5 Standard or algebraic form
of a complex number zZ=xt yi
6 The square root of a ‘z‘ b ‘z‘ -
complex number \/_ = \Jx+tiy= iH T + isigny TH
7
Modulus, or absolute value 2]z p = yxP 2
of a complex number z
8
The conjugate to 2= X* i | Z= x- yi
-4 A%
9 Division of complex z- PR z;# 0
numbers 2 2=
¢ = argz=
Jarctan?,  if 201 or IYquadrant
10 | Principal argument of z garetan -, 1hZ8 Lot T quadiant
= [
%ﬂ + arctanz,if zU II or IIquadrant.
X
11 | The trigonometric form of a
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complex number

z=p (cos¢ ¥ isin¢),wherep = ‘z‘

12 | Euler formula e? = cosz+ isinz
The exponential form of a
13 | complex number z= P et (z=p exp(i¢ ))
v 21257 1P, (cos(p + 9 ,)+ ising +4,))
14 | The product of complex | |
5 - i+
numbers 2123z ppe L 2
. i- _1 - Q1 -
2"y leosld = g5)+ dsinlpy - g)
15 | The ratio of complex 2 2
numbers 7 p_lei(¢1'¢z)
Z; Po
v z"= p"(cosng + isinn
16 | The integral power of a Z0F ( ¢ ¢ )
complex number vz’ oM
+ +
872wy = ’{/F@COS¢ 2km_, isin¢ 2k @,
n
The integral root of a
17 | complex number k= 01,2,.n- 1.
H,¢ + 2km H
v 1f7 = w, = 8fp expli )
il n [
k=012,..,n-1.
8.2. COMPLEX FUNCTIONS
Ne | Names, definitions Formulas
1 | Complex plane The set of all complex numbers is called the

complex plane.
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A neighborhood of a pointz A neighborhood of a pointzg is the set

U(zy,0)= {ZZ‘Z' ZO‘< 0y,0>0
Ifzg= ,then U®,0)= {z:|z|>0}.

3 | The limit of a complex function | lim f(z)= w, -
Z- Zy
- Oe>000 >01D210<‘Z‘ZO <) [
f(2)-w.l<e.
A complex function W= f(2) is called
i - i im f(z)= f(zp)
4 | Continuity of a complex continuous at a point Zo if ;.7
function
A complex function W= f(2) is called
continuous in a region D if this function is
continuous at any point of D
Definition of a complex w(z) = u(x,y) + iv(x,y) ,where z= xt iy
5 function Rew:= u(x, y) and Imw = v(x, y) are real
functions
6 Main Basic Functions with Complex Variables
6, | Linear function w=azt b,
where a and b are complex numbers, Z= Xt iy
Principal ~ value  of | Inz=In|z|+ iargz (argz0 (- 7,7))
logarithmic function
6 w= an=ln‘z‘+iArgz=1n‘z‘+i(argz+ 2k7T)=
Logarithmic function =Inz+iargz (k0 Z)
65 | Exponential function w= e = e¥e” = ¢*(cos y + isin y)
6, | Power function w= z% = e4lnz
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iz -iz iz -iz

: -e e“te
Sin z = - cossz=z ———
. . 2i 2
65 | Trigonometric -
; sin z Cos z
functions tan z = cotz= —
Cos z sin z
z -z z -z
. e’ -e e" te
sinhz = shz= —— coshz= chz =
64 | Hyperbolic functions sinh z cosh z
tanhz=thz= cothz= cthz= —
cosh z sinh z
7 Trigonometric functions w= sinz and W= COSzare not bounded in the
complex plane.
Exponential function is 27/ - periodic function.
* w= sinhzand w= cosh z are 27 i -periodical
functions;
w= tanh z and w= cothz are i -periodical
functions
8 Prop?rtles of hyperbolic | , cosh’z- sinh’z = 1
functions
+ sinh(- z) = - sinhz; + cosh(- z) = coshz
* sinh2z = 2sinh zlcoshz
+ cosh 2z= cosh? z + sinh? z
* sinhz+ coshz = ¢°
9 | Connection between » sinhiz = isinz *sinz= -isinhiz
hyperbolic and v coshiz=cosz
trigonometric functions | gip ;7 = jginh z * cosiz= coshz
10 Separation of Real and Imaginary Parts of Complex Functions
10,| Trigonometric sin z = sin xcosh y + icosxsinh y
functions

50




cosz = cosxcosh y + isin xsinh y

10,| Hyperbolic functions sinh z = sinh xcos y + icosh xsin y
cosh z = cosh xcos y + isinh xsin y
Inz= ln‘z‘+ jargz -
Principal logarithmic
10| function 51 (x2 ty ) ¢ jarctan?
X
11 | Expression of xandy |Let Z= X1 iy then
through z - z- 7 (_ . )
X= ; = zZ=Xx-1
Y g
Definition of a
o . . )
12 del'lV?lthC o_f a complex £(2)= lim bw _ lim f(z+bz)- f(2)
function w= fz) bz- 00z Az 0 Az
Let f(2)= ul(x, y) + iv(x, y), then
du dv du  dv
13 Caucl.q'f-Riemann ix E, E - Ix
Conditions
Let f (Z) is given in the polar coordinates, then
bu_liv. dv__1du
or rop  dr r 0¢
Let £12)= ulwp) ¢ ivlx,3) then 1'(2)= 21+ 15
14 | Derivative of a complex ’ Ix  Ox
function
Let f (Z) is given in the polar coordinates:
r 10 u, 0 %
Flz)= ulrp )+ iv(rb). then /') ZH2
z [0 r 0 r
One-valued complex function w= f (Z ) 1s called
15 | Analyticity of a complex

function at a point

analytic at a point z( if it is differentiable at any
neighborhood of this point
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16 | Analyticity of a complex | One-valued complex function w= f (z) is called
function in a region analytic in a region D if it is differentiable at all
points of this region
Differential of a
17 | complex function dw= f'(z)dz
| /'(2)| determines the coefficient of similarity at a
Geon.letri.cal meaning of point Zg:
18 | a derivative of a
complex function | | . .
P if |/'(z9)|> 1, then |f'(z9)| is the coefficient of
tensions;
if |/'(z9)|<1, then |f'(z9)| is the coefficient of
compression
Let f(z) is not analytic then
Integral of a complex
19 | function along the curve J f(2)dz = I (udx - vdy)+ i I (vdx + udy)
connecting the points z; | 7. . 70 R i1 R?
and 2z,
Let f(z) is analytic in the domain D and L0 D,
then
- Z
TR [ f = B - R
=lz1z,
21
where F'(z) = f1z]
Cauchy theorem : If f(2) is analytic in the one-
connected domain D ,then
Integral of a complex
20 | function along the

closed curve L

pr(z)=0
L

for any closed contour L inD

If f(2) is analytic in the multiple-connected domain
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D, bounded by I (exterior contour) and V1, 25V

(interior contours), then

IOy prEE
j

k=1y

If f(2) is analytic in the one-connected domain D
and L 1s a boundary of D, then

1 z)dz
f(z9)= —.ff( ) , where zo D [I
2Miy z- z
1 L% gy,
T zZ - ZO
21 Cauchy Integral The multiple . 1s called Cauchy kernel
formula and its L
corollaries
" ! d.
Mz f /(@) Z+1 n=12,. zy0 L1
Mip(z-zo)"
z)dz 200 .,
Df) f()n”: 'f()(ZO)
1(z- zp) n:
Taylor Series
If f(2) is analytic in the circle |z = zo|< R, then
22 o
f(2)= §ep(z-29)",
n=0
where Zz is a point such that |z - z|= r (r< R).
RVARIED
c, = ———.
n!
Zeros of Analytic Function
23

Zero of analytic function f(2) is the point zg such that f(zy)= 0.
In this case co = f(zg)= 0 - coefficient of the Taylor expansion.

Zero of Order m
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24

Let f(2)= (z- z9)" B (2), 9 (20) # 0.
Ifcop=cr=cy=..7¢y-170, ¢y # 0, then the first non-zero term in the Taylor
expansion is ¢,,(z - zy)".

In this case f(2)is said to have a zero of order m at z = z.

25

Laurent Series

Let C; and C; be two circles of center zg with radii R and Ry (R < Ry). A
function /(2) analytic in an annulus R; € |z - zg|¢ R, may be represented by the

expression

F(2)= 5 enz-20)",

n=-o

1 f@)dt
f aE

2ﬂicj(t— Z0
where C is any closed contour, lying within the annulus between Cj andC; .

z being any point of the annulus. €n ~

26

Singularity
If a function f(2) is not analytic at a point Zg, then 2y is called a singularity
(or a singular point).

27

Isolated Singularity m

Suppose f (Z) is analytic in the region D, defined by ‘Z - Zo‘ <R (ie.ina
neighborhood of z( ), and not at the point z(. Then the point z( is called an
isolated singular point of f|z).

We can draw two concentric circles of center Z(, both lying within D. In the
annulus between these circles, (Z ) may be represented by a Laurent expansion:

00

Cn(Z_ ZO)n t Z c-n(Z_ ZO)
0 n=1

regular part princigal part

+ 0

f(Z)= Z Cn(Z' Zo)n:

n=-0

-n

S s

28

Residue
The coefficient of the term (z - z;) lis called the residue of a function at the

point z: Res(f(2),z9) = c.y.
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Removable Singularity

29

Singularity z( is called a removable point if hmo f(2) exists and is finite. In

this case Laurent expansion does not contain a principal part. Therefore

c-1= Res(f(2),z9)= 0.
Essential Singularity

30

If len; /(@) does not exist then z( is called an essential singularity. In this case

the principal part of Laurent Series contains infinite terms.

Pole of Order m

31 | A singular point Zgis called the pole of order m of a function /' (Z ) if Z¢ 1s a zero

of order M of the function m (or Zl}n; ! (Z)[D(Z - z9)™ = 0 exists and it is

finite: 0 # 0, 0 # ©)

In this case the principal part of Laurent Series contains 7 terms and

¢ = Res(f(2).20) = lim (f(2)0(z - z)™)™""Y
(m-1D!z. 2,
If the pole of fz) is the simple pole (m = 1)
c-1= Res(f(2),z9)= lim f(2)U(z- zp)
Z - Z0
Cauchy Residue Theorem

32 | Let f (Z) be analytic inside and on a simple closed contour C, except for a finite

number of isolated singular points 21, z3,...,Z, located inside C. Then

f flz)dz= 2miy Res(f(2):z,)

k=1
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IX. Appendix

9.1. English — Russian Vocabulary
A
Absolutely convergence — abcoIr0THas CXOIUMOCTD
alternating number series — 3HaKOIepEeMEHHBIN YUCIOBOU psijl
analyticity — aHanTMTHYHOCTH
antiderivative — nepsooOpa3Has

B
Bernoulli’s DE — ntuddepenunansnoe ypaBuenue bepnyiu

C

Cauchy’s Problem — 3agaua Ko

Cauchy-Riemann conditions — ycinoBust Komu-Pumana
center of gravity of a figure — nenTp TspKecTu purypst
characteristic equation — xapakTepucTUYeCKOe YpaBHEHUE
circulation of a vector field — unpKynIMS BEKTOPHOTO MOJISI
comparison test — Ipu3HAK CpPaBHEHUS

complete the square — BeiieIUTh NOJHBINA KBagpaT

complex function — GyHKIUS KOMIUIEKCHON MTEPEMEHHOM
complex number — KOMIJIEKCHOE YUCIIO

conjugate complex number — conpsPKEHHOE KOMILIEKCHOE YUCIIO
converge — CXOJUTHCS

convergence — CXOJIUMOCTb

(to be) convergent — cxoasuics

curl — saapo

D

D’Alembert test — mpusnak J[amambepa

definite integral — onpeneneHHblil HHTErpa

differential equation — nupdpepeHnmanbHOE ypaBHEHUE

directional derivative of a scalar field — mpou3BoiHas1 CKaIAPHOIO MO 11O
HaIpaBJICHUIO

discontinuous point — Touka pa3psiBa

diverge — pacxoauThcs

divergence — pacxoauMOCTb
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divergence of a vector field — uupKyIMs BEKTOPHOTO MOJIS

double integral — nBoiiHOI HHTErpal

double integral in polar coordinates — 1BOIiHO! MHTErpai B MOJSIPHBIX
KOOpJIMHATaX

E

essential singularity — cymecTBeHHass 0COOEHHOCTh

expanding function — foonpenenenue QyHkIUn

exponential form of a complex number — nokasarenpHas GpopMa KOMILIEKCHOTO
qucia

exterior contour — BHEITHUI KOHTYP

F

factorial — dhakTopuan

flux of a vector field — moTox BEKTOpHOTO MOJIA
Fourier series — psag @ypse

G

Gauss-Ostrogradsky formula — hopmyna ["aycca-Octporpaickoro

general solution — oOuiee pemienue

You ~ general solution of homogeneous linear differential equation — o6miee

pElIeHHE OJHOPOIHOTO TUHEHHOTO AU(dHepeHIIUaTBLHOTO YPAaBHEHUS
Yoy - general solution of nonhomogeneous linear differential equation — o6miee

pelIeHre HEOJHOPOAHOTO JIMHEHHOTO AuddHepeHITNaTbHOTO YPAaBHCHHUS
geometrical series — reoMeTpUYECKUNA P
gradient of a scalar field — rpaguenT ckanspHoro nmons
Green’s formula — popmyna ['puna

H

Hamiltonian — onepaTop XamenbToHa

harmonic series — rapMOHUYECKUH PsJT

Helmholtz’ theorem — Teopema I'enbmrosibia

HLDE — homogeneous linear differential equation — onHOopoaHOE JIMHEITHOE
muddepeHnransHOe YpaBHEHUE

I

imaginary unit — MHUMas eIMHULIA

improper integral — HecOOCTBEHHBII HHTETpal
indefinite integral — HeonpeneneHHbIN UHTErpa

initial conditions — HayaNbHBIE YCIOBUA

inner integral — BHyTpeHHUI HHTETPAN

instantaneous velocity — MrHOBEHHas CKOPOCTb
integral Caushy’s test — unterpanbusiii npuzHak Komu
integral over a figure — unrerpan no gurype
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integral power of a complex number (z” ,nl N ) — 1eJas CTENEeHb KOMIUIEKCHOTO

qyucia

integral root of a complex number — KOpeHb 11€JI0M CTENIEHU U3 KOMILJIEKCHOTO
qyucia

integral sum — uHTerpanbHas cymMma

integral over an oriented surface — uHTerpan No OPUEHTUPOBAHHON TOBEPXHOCTH

integrand — nmogsiHTErpaTbHAS PYHKITUS

integration — MHTErpupOBaHKE

integration by parts — uHTerpupoBaHue 0 4aCTAM

integration by substitution — uHTErpUpOBaHNE C MOMOIIBIO 3AMEHBI IEPEMEHHBIX

irrational function — uppaunonanbHas GyHKUIUS

isolated singularity — nuzonupoBaHHast 0COOEHHOCTD

iterated integral — moBTOpHBII UHTETpAI

K
kernel — simpo

L

Laplace operator — oneparop Jlamiaca

Laurent series — psig Jlopana

Leibniz test — npusnHax Jleitoaua

level line — inHMS ypOBHS

level surface — moBepXHOCTh ypOBHS

line integral with respect to the arc length — xpuBonMHENHHBIN HHTETPAN NIO IJIMHE

yTH
line integral of the first type — xpuBoIMHENHHBIN UHTETPAI IEPBOTO POaa
line integral with respect to coordinates — KpuBOJUHEHHBIA UHTErPa IO
KOOpJIMHATaM

linear DE of the first order — muneitnoe nuddepennnansHOe ypaBHEHUE TEPBOTO
nopsiaKa

LDE - linear differential equation — nuneiinoe nuddepeHmanb HOe ypaBHEHHE

lowering of the order — noHmxeHue creneHn

M

Maclaurin series — psig MaknopeHa

measure of a figure — Mepa purypsi

method of indefinite coefficients — MeTon HeonpeneneHHbIX KO3PPUIIUEHTOB
method of variation of arbitrary constants — MmeTo1 Bapraniuy NOCTOSIHHBIX
modulus — moayJib

multiple integrals — xpaTHble HHTETpabI

multy-connected domain — MHOTOCBsI3HAs1 00JIACTh

N
neighborhood - okpecTHOCTB
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Newton — Leibniz formula — popmyna Herotona-JleitOnua

NLDE — nonhomogeneous linear differential equation — HeonHOpoIHOE JIMHEHOE
auddepeHnnaibHoe ypaBHEHNE

number positive series — YMCI0BOW 3HAKOMOIOKUTEIbHBIN Psi/

O

one-dimensional figure — onHomMepHas ¢urypa

ordered pair — ynopsiioueHHas napa

outer integral — BHEIIIHUI UHTErpa

P

partial fraction — npocreiimas 1po6s

particular solution — yacTHoe penieHue

ypy - particular solution of nonhomogeneous linear differential equation

YaCTHOE pEelIeHHEe OJHOPOAHOTO JIMHEUHOTO nudPepeHInaIbHOT0 ypaBHEHUS
partition — pazouenue
pole of order 77— nostoc m- ro nopsiKa
potential field — noTeHuMansHOE MOJNE
power series — CTEIIEHHOM psif
principal argument — ry1aBHbII apryMeHT

R

removable singular point — yctpanumas oco6ast Touka
residue — BbIyeT

root Caushy’s test — paaukanbubiii npuzHak Kouu
rotation (curl) of a vector field — porop BekTOpHOTO 1O

S

scalar field — ckanapHoe noiie

second order DE — muddepenunansHoe ypaBHEeHHE BTOPOTO MOPsAKA
separable variables — paznensronnecs: nepeMeHHbIC

series — psij

singularity (singular point) — oco6eHHOCTb, 0OcO0ast TOuKa

sink — cTok

solenoid field — coneHonnanbHOE MOJE

solid of revolution — Teno BpaiieHus

source - HICTOYHUK

static moment — CTATUCTUYECKUIT MOMEHT

Stokes’ formula — popmymna Ctokca

sufficient test — 10cTaTOYHBIN IPU3HAK

surface integral of the first type — noBepXHOCTHBII UHTETpas EPBOro poaa
surface of revolution — moBEpXHOCTH BpalieHUsA

system of differential equations — cucrema quddepeHunanbHbIX ypaBHEHUN

T
Taylor series — psin Teitiopa
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three-dimensional figure — TpexmepHnas durypa
trigonometric form of a complex number — Tpuronomerpuueckast popma
KOMIUIEKCHOI'O YHCJIA
trigonometric identities — TPUTOHOMETPUYECKHE TOKIECTBA
triple integral — TpoitHOM MHTErpa
triple integral in cylindrical coordinates — TpoliHOM MHTErpan B HUIMHAPUIECKHUX
KOOpAMHATax
triple integral in spherical coordinates— TpoiiHoil unTerpan B ceprueckux
KOOpJMHATax
two-dimensional figure — nBymepnas ¢urypa

U
universal substitution — yHuBepcanbHas MoJcTaHOBKa

\%

variable — nepemenHas

vector field — BexTopHOE moJe

vector lines of a vector field — BekTopHbIE JIMHUM BEKTOPHOTO MOJIS

Z
zero of order 7 -~ HoJb IOpsizKA M
zeros of analytic function — Hynn ananuTHYeCKON QYHKITUN

9.2. Russian — English Vocabulary

A
a0couroTHasi cxoaMMocTh — absolutely convergence
aHAJIMTHYHOCTD — analyticity

B

BeKTOpPHOe noJie — vector field

BEeKTOPHbIE JIMHIUH BEKTOPHOI0 moJisi — vector lines of a vector field
BHEIIHMI MHTerpaJj — outer integral

BHENIHMI KOHTYP — exterior contour

BHYTPEHHUH MHTerpaJ — inner integral

BBIJIEJINTH MOJHBIH KBaapaTt — complete the square

BbIYeT — residue

r

rapMoHM4YecKuil psja — harmonic series
reoMeTpuveckmuii psiax — geometrical series

IJIaBHBIH aprymeHT — principal argument

rpajiueHT cKaJsapHoro nmoJjsi — gradient of a scalar field
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A

ABoiiHoI uHTerpaJ — double integral

JABOIHOM MHTErpaJl B NOJsAPHBIX KoopAuHaTax — double integral in polar
coordinates

ABymepHas ¢purypa — two-dimensional figure

nuddepenunanbHoe ypasHenue — differential equation

nuddepenunanbHoe ypasHenue bepuyinu — Bernoulli’s DE

nuddepeHnuaibHOEe YypaBHeHHE BTOPOro nopsiaka — second order DE

noonpeaeaenne pynkuum — expanding function

A0CTATOYHBII nMpu3Hak — sufficient test

3
3apaya Komm — Cauchy’s Problem
3HAKOINepPeMEeHHbBII YMcI0Boii psaa — alternating number series

"

30/ IMPOBaHHAsA 0cO0eHHOCTH — isolated singularity

HHTErpaJi 1o OpMeHTHPOBAHHON MOBepXHOCTH — integral over oriented surface
uHTerpaJ no ¢purype — integral over figure

HHTEerpajbHasi cymma — integral sum

uHTerpajbHblii npu3Hak Komm — integral Caushy’s test

HHTEerpupoBaHMe — integration

HHTEerpUpoOBaHMe MO YACTAM — integration by parts

HHTErpUpoOBaHMe ¢ MOMOIIBIO 3aMeHbI ePeMEHHBIX — integration by substitution
uppanuoHajbHasa GpyHKuus — irrational function

HCTOYHHUK — source

K

KOMILIEKCHOe 4YMcJio — complex number

KOpEeHb 11eJI0| CTeneHn U3 KOMILJIEKCHOT0 yucaa — integral root of a complex

number

KpaTHbIe HHTerpaJjbl — multiple integrals

KPUBOJIMHEHHBIH HHTErpaJ nepeoro pojaa — line integral of the first type

KPHMBOJHMHEHHbIA MHTErpaJj mo AjauHe xyru — line integral with respect to the arc

length

KPHUBOJMHEHHbIA MHTErpaJj mo koopauHaram — line integral with respect to

coordinates

JI

JuHeiinoe auddepennuanbHoe ypasHenne LDE — linear differential equation —

JuHeiiHoe ¢ depennuaibHoe ypaBHeHHe nepBoro nopsjaka — linear DE of the
first order

JuHus ypoBHs — level line
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M

MI'HOBEHHAsl CKOPOCTh — instantaneous velocity

Mepa ¢urypsl — measure of a figure

MeTo/ Bapuanum noctossHHbIX — method of variation of arbitrary constants
MeTo/1 HeonpeaeaeHHbIX K03pgunuenToB — method of indefinite coefficients
MHHUMAas eJMHMLA — imaginary unit

MHOrocBsi3Hasi 00J1acTh — multy-connected domain

MoayJb — modulus

H

HavyaJbHbIE yca0Bus — initial conditions

Heomnpe/eJeHHbI HuHTEerpaJ — indefinite integral
HecOOCTBEHHBbIN MHTerpaJ — improper integral

HOJIb mopsiaKka M — zero of order 7

HYJIM aHAJIUTHYecKo# pyHkuum — zeros of analytic function

Q)

oOmiee pemenue — general solution

oaqHoMmepHasi ¢purypa — one-dimensional figure
OKpecTHOCTH — neighborhood

oneparop I'amesbToHa — Hamiltonian

onepatop Jlannaca — Laplace operator

onpejaeeHHbIi nHTerpaj — definite integral
0C00eHHOCTD, 0co0ast Touka — singularity (singular point)

Il

nepsoodpasHasi — antiderivative

nepeMeHHas — variable

NOBEPXHOCTHBI MHTErpaJ nepsoro poaa — surface integral of the first type

NOBEPXHOCTH Bpamenus — surface of revolution

NMOBEPXHOCTH YPOBHA — level surface

NMOBTOPHBIN MHTerpaJ — iterated integral

MOABIHTErPaAIbHOE BhIpakeHue, PyHKusa — integrand

nokasarejbHasi popMa KOMILIEKCHOT0 YHciaa — exponential form of a complex

MoJII0C m- ro nopsiaka — pole of order 7

NMOHM:KeHue cTeneHu — lowering of the order

NMoTeHIHAJIbHOE moJe — potential field

noToK BekTOpHOro nmojas — flux of a vector field

npusnak Jlanamoepa — D’ Alembert’s test (ration test)

npu3Hak Jleitoauna — Leibniz’ test

NPHU3HAK CPaBHEHHMA — comparison test

NPOU3BOIHAS CKAJISIPHOIO 1OJIA 0 HanpasJieHu10 — directional derivative of a
scalar field
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P

pannkaabHblii mpusHak Komu — root Caushy’s test (root test)
pa3aessilomuecs nepeMeHHble — separable variables
pacxoaumocThb — divergence

pacxoauthes — diverge

POTOP BEKTOPHOro nmoJisi — rotation (curl) of a vector field
psia — series

psia Jlopana — Laurent Series —

psia Maksopena — Maclaurin series

psia Teitnopa — Taylor series

psin ®ypne — Fourie Series

C

cucrema auddepenuuaabHbIX ypaBHeHuii — system of differential equations
ckajisipHoe noJie — scalar field

cosieHoMAaIbHOE moJie — solenoid field

conpsizkeHHOe KOMILJIEKCHOEe YHMCJI0 — conjugate complex number
CTATUCTHYECKUII MOMEHT — static moments

CTEeNeHHOM PsiJi — pOWET series

CTOK — sink

cyliecTBeHHasi 0C00eHHOCTh — essential singularity

CXOAMMOCThb — convergence

CXOAUTHCH — converge

cxoasimmiics — to be convergent

T

Tes1o Bpamenus — solid of revolution

TeopeMma I'eabmroabua — Helmholtz’ theorem

TO4YKa pa3pbiBa — discontinuous point

TpexmepHasi ¢purypa — three-dimensional figure

TPUTOHOMeTPHYeCKas (popMa KOMILJIEKCHOr0 YucJa — trigonometric form of a

complex

TPUTOHOMETPHUYECKHE TOXKAeCTBA — trigonometric identities

TPoOiiHO#i mHTerpaJ — triple integral

TPOiiHOW MHTerpaJj B cepudyecknx KoopauHatax — triple integral in spherical
coordinates

TPOITHOW MHTErpaj B UMJIMHAPUYECKUX KoopauHaTax — triple integral in

cylindrical coordinates

Y

yHHMBepcajJdbHasi MOACTAHOBKA — universal substitution
ynopsijioueHHas napa — ordered pair

yciaoBusi Kommm-Pumana — Cauchy-Riemann Conditions
ycTpanumasi ocodasi Touka — removable singular point
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(paxTopua — factorial

¢popmyaa I'aycca-Octporpaackoro — Gauss-Ostrogradsky formula
¢popmyaa I'puna — Green’s formula

¢popmyna Herorona-Jleitoununa — Newton — Leibniz formula
¢popmyaa Crokca — Stokes’ formula

(pyHKIMSI KOMILUIEKCHOI nepeMeHHOl — complex function

X
XapakTepucTHYEeCKOe YpaBHeHue — characteristic equation

I

neJiasi cTeneHb KOMIJIEKCHOTO YucJa — integral power of a complex number
(z" ,nl N )
HeHTp TsxkecTH Gurypsl — center of gravity of a figure

HMPKYJISIIUSA BEKTOPHOTO0 moJist — circulation of a vector field
HMPKYJISIIUA BeKTOpHOro nmoJs — divergence of a vector field

i |
YK CJIOBOH 3HAKOMOJIOKUTEIbHBIH PsiJi — number positive series

A
saapo — curl, kernel

For Notes
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