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1. Definitions 

 

Until now we have studied functions of a single variable. Many phenomena in 

the physical world can be described by such functions, but most quantities actually 

depend on more than one variable. For example, the volume of a rectangular box 

depends on its length, width, and height; the temperature at a point of a metal plate 

depends on the coordinates of the point (and possibly on time as well). Any quantity 

that depends on several other quantities can be thought as determining a function of 

several variables. 

 

A function of several variables consists of two parts: a domain ( )( ),uD  which 

is a set of points in the plane or in space, and a rule, which assigns to each member of 

the domain one and only one real number. This rule can be written in the form  

( )Pfu = , where ( )uDP ∈ .  

 

If  ( )uD  is a part of the plane XOY then any point of this region has two 

coordinates: ( )yxPP ,=  and we have a function of two independent variables. As 

a rule it is written in the form ( )yxfz ,= . 

 

If  ( )uD  is a part of the space  XYZ then any point of this region has three 

coordinates: ( )zyxPP ,,=  and we have a function of three independent variables. 

Let us write it  in the form ( )zyxfu ,,= . 

 

If  ( )uD  is a part of  an n-dimensional space  then any point of this region has n 

coordinates: ( )nxxxPP ,...,, 21=  and we have a function of n independent 

variables. Let us write it in the form  ( )nxxxfu ,...,, 21= . 

Independent variables are equivalent and they are called the arguments. 

 

To find a domain of a function of two variables we can use the same rules as 

for a function of one variable.  

Example 1.1. Find the domain of the given function. ( )yxfz ,=  if 

a) ( ) 2
, xyyxf −=    b) ( )

xy
yxf

1
, =      

 Function Domain 

 

a) 

2
xyz −=  ( ) 2: xyzD ≥  

 

b) xy
z

1
=  

 

( ) 0: ≠xyzD  

 
Fig. 1.1 
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a) The domain of the function  

( ) 2
, xyyxf −=  are all points of xy-plane  

which are   on the parabola 2
xy = and in  

the interior region of this parabola. 

 

 

 

 

 

b) The domain of the function 

xy
z

1
=  are all points of xy-plane except 

the  

points of x-axis and y-axis  

 

 

 

 

2. Ways of Representation Functions of Two Variables 

 

A function of two variables, like a function of one variable, can be specified by 

a table, by a formula (analytically) or by its graph.  

 

A. A tabular representation of a function indicates the values of the function for 

a number of pairs of values of the independent variables. For example, the table 2.1 

shows dependence of area ijS  on two independent variables 

ib – a width and ja  – a length. 

 

 

 a1 a2 … an 

b1 S11 S 12 … S 1n 

b2 S 21 S 22 … S 2n 

… … … … … 

bm S m1 S m2 … S mn 

    

Table 2.1 

 

B. A function of two variables can be specified by formula. In the analytical 

specification of a function we use a formula determining the values of the function 

depending on the values of the independent variables. For example, 
22

yx

xy
z

+
= . 

 



 

 

 

6 

C. The function of two variables can be represented by its graph too. 

 

 

 

The graph of a function  ( )yxfz ,=  is 

the collection of points ( )( )yxfyx ,,,  and is 

represented by a surface S . Each point of this 

surface M ′ has coordinates ( )zyx ,, . The 

domain of the function ( )yxfz ,=  is the 

region D  of −xy plane. When point 

( )yxM ,  runs through region D , than point 

( )zyxM ,,′  runs through the surface S , whose 

equation is ( )yxfz ,= . 

  

 
             Fig.2.1 

 

 

 

Example 2.1. The graph of a function 

0=+++ DCzByAx  is the plane passing through 

the points 







− 0,0,

A

D
,   









− 0,,0

B

D
, 








−

A

D
,0,0 . 

In Fig.2.2 is drawn the portion of this plane in  

the first octant. 
 

 

Fig.2.2 

 

3.  A Level Curves  

 

Let f  be a function of two independent variables x and y and denote the 

dependent variable by z. The equation ( )yxfz ,=  may be interpreted as defining a 

surface S in xyz-space. If we cut the surface with planes 21 , hzhz == , we get 

contour lines on the surface. And if we project them onto the xy-plane, we obtain a 

level curves  ( ) ( ) 21 ,,, hyxfhyxf == in the domain of ( )yxfz ,=  (Fig. 3.1).  

 

 

 

 

x

O

z

yD
A

C
D

D
B
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Fig. 3.1 

 

 

 

Definition. The set of points in the xy-plane where function ( )yxf ,  has a 

constant value C  is called a level line of this function ( ) Cyxf =, . 

 

Level curves are particularly useful in engineering applications. For instance  

equation ( ) ( )22
32 ++−= yxz  gave the celsius temperature at each point in a flat 

circular plate, then the level curves would be isotherms of the temperature 

distribution. 

 

Example 3.1. Find the level lines of the function ( ) ( )22
32 ++−= yxz . 

  

Solution.  The equation of the level lines of the given function is 

 

( ) ( ) Cyx =++−
22

32  

 

If  C  takes different values, for example, ,...16,9,4 === CCC  we will have 

a family of circles with origin at a point ( )3;2 −O  with corresponding radiuses ,2=R  

,...4,3 == RR  
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Example3.2.  Let ( ) yxyxf 428, −−= . Sketch the graph of  f, and determine 

the level curves. 

 

Solution.  If we let ( )yxfz ,= , then the given equation becomes 

 yxz 428 −−=  

This is an equation of a plane with x intercept 4, y intercept 2, and z intercept 8.  

 

The portion of the plane in the 

first octant is sketched in Fig.3.2. For 

any value of C, the level curve 

         ( ) Cyxf =,  is the straight line 

in the xy plane with equation 
.842 Cyx +−+   

The level curves are parallel lines. 

           

    

 

 

Fig.3.2  

    

     

4. Limits and Continuity  

 

Definition. The limit of a function ( )yxf ,  as ( ) ( )00 ,, yxyx →  is a number A  

if for any 0>ε there exists a number 0>δ  such that for all points ( ) ( )oyxyx ,, 0≠  in 

domain of ( )yxf , , from δ<− oxx  and ( ) εδ <−<− Ayxfyy , follows 0 .  

 

Properties of Limits                                                                                
 

Let
( ) ( )

( ) Ayxf
yxyx

=
→

,lim
00 ,, ( ) ( )

( ) Byxg
yxyx

=
→

,lim
00 ,,

 be given, then the 

following rules hold  

 

Sum rule ( ) ( )
( ) ( )[ ] BAyxgyxf

yxyx
+=+

→
,,lim

00 ,,
 

 

Difference rule ( ) ( )
( ) ( )[ ] BAyxgyxf

yxyx
−=−

→
,,lim

00 ,,
 

 

Product rule ( ) ( )
( ) ( )[ ] BAyxgyxf

yxyx
⋅=⋅

→
,,lim

00 ,,
 

Constant multiple rule 
( ) ( )

( ) kByxkg
yxyx

=
→

,lim
00 ,,

, constant is k  

 

Quotient rule ( ) ( )

( )
( ) B

A

yxg

yxf

yxyx
=

→ ,

,
lim

00 ,,
 if 0≠B  
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Example 4.1. Find limits of the functions: 

 a)
( ) ( )

( )22

4,3,
lim yx

yx
+

→
,     

b)
( ) ( ) yxyx +→

1
lim

0,0,
,  

c)
( ) ( )

.
11

lim
22

22

0,0, −++

+

→ yx

yx

yx
        

 

Solution: 

 

a)
( ) ( )

( ) ( ) ;2516943lim
2222

4,3,
=+=−+=+

→
yx

yx
  

 

b)
( ) ( )

∞=





=

+→ 0

11
lim

0,0, yxyx
;    

            

c)
( ) ( ) ( ) ( )

( )( )
=

−++

++++
=





=

−++

+

→→ 11

11
lim

0

0

11
lim

22

2222

0,0,22

22

0,0, yx

yxyx

yx

yx

yxyx
 

                          =
( ) ( )

211lim 22

0,0,
=+++

→
yx

yx
. 

 

Definition.  A function ( )yxf ,  is said to be continuous at the point   ( )00 , yx    if:    

                     

                    1) ( )yxf ,  is defined at ( )00 , yx , 

 

                    2) 
( ) ( )

( )yxf
yxyx

.lim
00

,, →
 exists, 

 

                    3)
( ) ( )

( ) ( )00
,,

,lim
0

yxfyxf
yxyx

=
→

. 

      

 

For a function ( )yxf ,  fair all properties of the continuous functions similar to 

functions of one variable. For example, the function 
22

1

yx
z

+
=  is continuous 

everywhere, except the point ( )0,0 . For the function 
22

1

yx
z

−
=  the points of 

discontinuity are all points for which xy =  or xy −= . 
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5. Partial Increments and Derivatives of the First Order 

 

Definition. An open r-neighborhood of a given point ( )000 , yxM  is the set of 

all points lying inside the circle of radius r and center at the point 0M . 

 

Let a function ( )yxfz ,=   be  

defined in a neighborhood of a  

point ( )000 , yxM  and  

points ( )001 , yxxM ∆+ ,  

( )yyxM ∆+002 ,   belong to this  

neighborhood too. 

 

 

      
 

 

 

 

Fig. 4.1 

 

Definition. A difference ( ) ( )0000 ,, yxfyxxf −∆+  is called the partial 

increment of the function ( )yxfz ,=  with respect to x  and is denoted by zx∆ . 

Similarly,  ( ) ( ) .,, 0000 zyxfyyxf y∆=−∆+  

It should be noted, that a ratio 
x

zx

∆

∆
can be considered as a function of one 

variable with respect to x∆  and a ratio 
y

zy

∆

∆
 - with respect to y∆ .  

Definition.The limit of a ratio of partial increment of the function ( )yxfz ,=  

with respect to x  to the increment x∆ , as x∆ tends to zero, is called a partial 

derivative of function ( )yxfz ,=  with respect to x  

x

zx

x ∆

∆

→∆ 0
lim . 

 

Partial derivative with respect to x  of the function ( )yxfz ,=  can be denoted 

by one of the ways: 
x

z

∂

∂
,  xz ′ , xf ′ . 

By analogy, yy

y

y
fz

y

z

y

z
′=′=

∂

∂
=

∆

∆

→∆ 0
lim .   

         The partial derivatives xz ′  and yz ′  are functions of two variables. But when we 

were finding 
x

z′′′′  we assumed that the variable y is constant. It means that for finding 

partial derivatives we can use formulas and theorems for function of the one variable. 
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Example 5.1.  Find partial derivatives of the functions:  

 

a) 653 −+= yxz ,   b) 32
yxz = , 

c)  ( )7ln 532 +−= xyyxz . 

 

Solution: 

 

a) For finding xz ′  we regard y as a constant and differentiate with respect     

to x :    

( ) 253
36 xyxz

consty

xx =
′

−+=′
=

; 

 

( ) 453
56 xyxz

constx

yy =
′

−+=′
=

. 

 

 

b) 32
yxz = . 

 

( ) ( ) ;22
332332

xyxyxyyxz x

conwty

xx ==
′

=
′

=′
=

 

 

( ) ( ) 22223232
33 yxyxyxyxz y

constx

yy ==
′

=
′

=′
=

. 

 

 

c)  ( )7ln 532 +−= xyyxz . 

 

( )( )
7

52
7ln

532

43
532

+−

−
=

′
+−=′

= xyyx

xyxy
xyyxz

consty

xx ;    

 

( )( )
7

3
7ln

532

522
532

+−

+
=

′
+−=′

= xyyx

xyx
xyyxz

constx

yy . 
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6. Geometric Interpretation of Partial Derivatives 

 

The plane 0yy =  cuts the surface  ( )yxfz ,=  in the curve ( )0, yxfz = . At 

each x, the slope of this curve is ( )0, yxf x′ . 

Similarly, the plane 0xx = cuts the surface  in a curve whose  slope is 

( )yxf y ,0′ . 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6.1  

 

The geometric interpretation of  partial derivatives of the function 

( )yxfz ,=  is the that:  

( )00 , yxf x′  is equal to the slope at the point ( )0000 ,, zyxP  of the curve 

( )0, yxfz =  in which the plane 0yy =  cuts the surface  ( )yxfz ,= . 

Thus, in  Fig.6.1, if x, y and z are measured in the same units 

 

( )

( )00

,

,tan

00

yxf
x

z
x

yx

′=
∂

∂
=α . 

Similarly,  

  

( )

( )00

,

,tan

00

yxf
y

z
y

yx

′=
∂

∂
=β . 
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7. Level Surfaces. Quadric Surfaces 

  

Definition. Let a function of three variables ( )zyxf ,,  be given. For any 

number C the set of points ( )zyx ,,  for which ( ) Czyxf =,,  is called a level surface 

of f, and we identify a level surface with the corresponding equation ( ) Czyxf =,, . 

Level surfaces of functions of three are analogous to level curves of functions 

of two variables. 

We observe that the graph of any function f of two variables is a level surface. 

We need only let 

( ) ( )yxfzzyxg ,,, −=   

and notice that  ( ) ( )yxfzzyxg , ifonly  and if  0,, ==  

Thus the level surface ( ) 0,, =zyxg is the graph of f , or equivalently, the graph of the 

equation ( )yxfz ,= . This is why we call the graph of a function of two variables a 

surface. 
 In sketching a level surface we will use the intersections of level surface  with 

planes of the form cycx == or  , as well as those of the form cz = . In each case the 

intersection of the level surface with the plane is called the trace of the level surface. 

 

 

a) Elliptic Cylinder              b) Hyperbolic Cylinder                         

1
2

2

2

2

=+
b

у

а

х
                                       1

2

2

2

2

=−
b

у

а

х
            

 

 

              

 

 

 

 

 

 

 

 

 

a) The trace of the elliptic cylinder in any plane parallel to the xy plane is the 

ellipse 1
2

2

2

2

=+
b

у

а

х
. If ba = , the surface is a circular cylinder. 

b) The trace of the hyperbolic cylinder in any plane parallel to the xy plane is the 

hyperbola 1
2

2

2

2

=−
b

у

а

х
. 

x

y

z

x

y

z

a
b

a
b
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Parabolic Cylinder pyx 22 =  

 

The trace of the parabolic  cylinder in any  

plane parallel to the xy plane is the parabola 

pyx 22 = . 

 

 

 

 

 

d) Elliptic Double Cone 0
2

2

2

2

2

2

=−+
c

z

b

у

а

х
 

The trace of the cone in any plane parallel to the xy plane 

is either an ellipse (a circle if ba = ) or a point. The traces 

in the yz and xz planes consist of two straight lines through 

the origin.  

If ba = , the surface is called a circular double cone. 

 

e) Hyperbolic Paraboloid 
c

z

à

õ

b

ó
=−

2

2

2

2

 

The traces in the yz and xz planes are parabolas. The 

trace in the xy plane consists of two intersecting lines. 

The trace in any other plane parallel to the xy plane is 

a hyperbola. The surface has the appearance of a 

saddle.  

 

f) Elliptic Paraboloid   g) Two-sheeted Hyperboloid  

c

z

b

ó

à

õ
=+

2

2

2

2

       1
2

2

2

2

2

2

−=−+
c

z

b

у

а

х
 

 

 

 

 

 

 

 

 

 

 

 

y

x

z z

x

y

a
b a b

a
b

z

x

y

c

x

y

z
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The trace of the paraboloid in any plane parallel to the xy plane is either an ellipse (a 

circle if ba = ), or empty. The traces in the yz and xz planes are parabolas. If ba = , 

the surface is called  a circular paraboloid. 

g) Problem 1. Denote the traces of the two-sheeted hyperboloid. 

 

h) One-sheeted Hyperboloid             i) Ellipsoid  

               1
2

2

2

2

2

2

=−+
c

z

b

у

а

х
                              1

2

2

2

2

2

2

=++
c

z

b

у

а

х
  

 

 

 

 

 

 

 

  

 

 

 

 

Problem 7.1. Denote the traces of  the one-sheeted hyperboloid and the ellipsoid. 

 

 

8.Tangent Plane and Normal Line 

 

 Let ( )yxfz ,=  be a differentiable function at a point ( ),, 00 yx . Consider the 

sections of the surface S representing this 

function by the planes 0xx = and 0yy = . Let 

xTM 0  and yTM 0  be the tangent lines at the 

point ( )0000 ,, zyxM  (see Fig.8.1) to the plane 

curves obtained in the sections. The plane T 

passing through these lines which meet at the 

point 0M  is called the tangent plane to the 

surface S at the point 0M . The point 0M  is 

called the point of tangency (the point of 

contact) of the plane T and the surface S. 

 
   

Fig.8.1  

 

The straight line through 0M  normal to the tangent plane is called the normal 

line to the surface S at the point 0M . 

z

y

x

z

x

y

c

a
b

a
b

c
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Let us find equations of the tangent plane and the normal line. 

The straight line xTM 0  is in the plane 0yy = parallel to the plane Oxz. Its slope 

relative to the x-axes is equal to xf ′ . Therefore the equations of the line xTM 0 are 

( ) ( ) 00000 ,, yyxxyxfzz x =−⋅′=−              (8.1) 

The equations of the straight line yTM 0 are found similarly: 

 ( ) ( ) 00000 ,, xxyyyxfzz y =−⋅′=−             (8.2) 

 An equation of the plane T through ( )0000 ,, zyxM  can be written as  

  ( ) ( )000 yyBxxAzz −+−=−               (8.3)

  

The straight lines xTM 0  and yTM 0 are in the plane T, so the coordinates of the points 

of these lines satisfy the equation of the plane. Substituting the expressions of 

0zz − and 0yy −  from (8.1) into the equation (8.3) we obtain 

( ) ( ) ( ) ( )000000 ,, yxfAxxAxxyxf xx ′=⇒−=−⋅′  

Furthermore, we similarly find that 

 ( )00 , yxfB y′=  

Thus, the equation of the tangent plane takes the form 

 

( ) ( ) ( ) ( )0000000 ,, yyyxfxxyxfzz yx −⋅′+−⋅′=−            (8.4) 

    

 

It is clear that equations of the normal line are 

 

( ) ( )00

0

00

0
0

,, yxf

yy

yxf

xx
zz

yx ′

−
=

′

−
=−                       (8.5) 

 

 

 

 9. Total increment and Total Differential of a Function of Two Variables 

 

Let a function ( )yxfz ,=   be continuous on some set D  and have yx zz ′′ ,  in 

this set. Let us take arbitrary point ( ) DyxM ∈000 , , then 

 

( ) ( ) ( ) yxyyxzxyxzMz yx βα ++∆′+∆′=∆ 00000 , ,       (9.1) 

 

will be the total increment at this point, where βα ,  are infinitesimal values as 

0→∆x  and 0→∆y . 

Definition. A function ( )yxf ,  is differentiable at ( )00 , yx  if  

( )00 , yxf x
′

, ( )00 , yxf y
′

 exist and the equation (9.1)   holds for ( )yxf ,  at ( )00 , yx .  
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We call ( )yxf ,  differentiable if it is differentiable in its domain. 

 

Definition. The principal linear part with respect to x∆ and y∆ , of a total 

increment z∆  is called total differential of the function z   

  

=)( 0Mdz ( ) ( ) yyxzxyxz yx ∆′+∆′ 0000 , .      (9.2) 

 

Example. The factory manufactures right circular cylindrical storage tanks that 

are 25m high with radius of 5m. How is sensitive tank’s volume to small variations in 

height and radius? 

 

Solution.  A tank’s volume is  

hrV ⋅⋅= 2π . 

So V is a function of two variables r and h. Then the change in volume caused by 

small changes dr and dh  in radius and height is approximately 

 

( ) ( ) ( ) ( ) ( )
( )

dhdr

dhrdrhrdhVdrVdV hr

ππ

ππ

25250      

225;525;5
25;5

2
25;5

+=

=+=′+′=
 

The volume of cylinder is more sensitive to the small change in r  than it is to 

an equally small change in h . 

In contrast, if the values of r  and h  are reserved to make 25=r  and  5=h , 

then full differential in V  becomes 

 

( ) ( ) ( ) ( ) ( ) ( ) dhdrdhrdrrhdhVdrVdV hr ππππ 62525025,255,25
5,25

2

5,25
+=+=′+′=  

Now the volume is more sensitive to changes in h  than to changes in r . 

 

From this example we can make the conclusion:  

Functions are most sensitive to small changes in the variables that 

generate the largest partial derivatives. 

 

 

10. Applying a Total Differential to Approximate Calculations 

 

A total differential and a total increment of a function ( )yxfz ,=  at a point 

( )000 , yxM  are: 

 

( ) ( ) ( ) yyxzxyxzMdz yx ∆′+∆′= 00000 ,  

 

( ) ( ) ( )00000 ,, yxfyyxxfMz −∆+∆+=∆ . 

 

Because ( ) ( )00 MzMdz ∆=  when 0→∆x  and 0→∆y , than 
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( ) ( ) +≈∆+∆+ 0000 ,, yxfyyxxf ( ) ( ) yyxzxyxz yx ∆′+∆′ 0000 , .    (10.1) 

 

The formula (10.1) allows us to find approximate value of the function of two 

variables. 

 

Example.  Find approximate value of the function yxyxz ++= 22  at the point 

( )97.1;03.1M . 

 

Solution. 

 

Let ( )2,10M , than 03,0=∆x  and .03,0−=∆y  Find partial derivatives and 

calculate their values at the point ( )2,10M . 

 

( )
6221222 0 =⋅+⋅=

∂

∂
⇒+=

∂

∂

x

Mz
yx

x

z
, 

 

( )
14231232

202 =⋅+⋅=
∂

∂
⇒+=

∂

∂

y

Mz
yx

y

z
, 

 

Using the formula (10.1), we obtain 

 

( ) ( ) 76,1242,018,01303,014003,0613 =−+=−⋅+⋅+≈Mz . 

 

 

 

11. Partial Derivatives of the Higher Order 

 

Partial derivatives of the first order xz′  and yz ′ of a function ( )yxzz ,= , in 

general, are functions of two variables. From them we can find derivatives of the 

second order with respect to x  and y   

 

yxyyxyxx zzzz ′′′′′′′′ ,,, . 

 

We can differentiate a function as long as derivatives involved exist. 

The derivatives xyz ′′  and yxz ′′  are called the mixed partial derivatives of the 

second order and when they are continuous they are equal yxxy zz ′′=′′ . 

 

Example.  Show, that  yxxy zz ′′=′′  for given function 

82 5234 +−= yxyxz . 
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Solution. 

  







−=′′

−=′′
⇒−=′

423

532

533

2012

412
44

xyyxz

yyxz
xyyxz

xy

xx

x , 

 







−=′′

−=′′
⇒−=′

423

324

4224

2012

406
103

xyyxz

yxyxz
yxyxz

yx

yy

y . 

It is clear that yxxy zz ′′=′′ . 

 

 Note that we can continue calculation of partial derivative of the third order, et 

cetera:   

( )







































′′′

′′′
⇒′′







′′′

′′′
⇒′′

⇒′



















′′′

′′′
⇒′′





′′′

′′′
⇒′′

⇒′

⇒=

yyy

yyx

yy

yxy

yxx

yx

y

xyy

xyx

xy

xxy

xxx

xx

x

z

z
z

z

z
z

z

z

z
z

z

z
z

z

yxzz ,  

 

In similar way we can find partial derivatives of the higher order of  functions 

of three, four, …, n  variables. 

 

 

12. Differentiating Composite Functions 

 

Let us consider a function ( )yxzz ,= , where ( )txx =  and ( )tyy =  are 

functions of one independent variable. Then formula for finding the derivative of 

composite function ( )yxzz ,=  will be: 

 

dt

dy

y

z

dt

dx

x

z

dt

dz

∂

∂
+

∂

∂
=              (12.1) 

 

Example.   Find the derivative of the function 

 

yxz ln= , where tx
2sin=  and t

y 5= . 
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Solution:   Using the formula (12.1) 

 

 

dt

dy

y

z

dt

dx

x

z

dt

dz

∂

∂
+

∂

∂
=  

 

we have 

 

( ) ( ) ( ) ( )

.5ln5cossin2ln
2

1
      

5lnsinln 2

t

t
t

ytx

y

x
tty

x

yxtyx
dt

dz

+=

=
′′

+
′′

=

 

 

 

13.  Directional Derivative and Gradient of a Function of Several 

Variables 

 

An important characteristic of a function ( )zyxfu ,,=  is the rate of its change 

in the given direction of a vector ( )zyx aaaa ;;= .  

It is possible to prove that a directional derivative of the function 

( )zyxfu ,,=  at a point ( )0000 ,, zyxM  can be calculated by the formula 

 

( )
( ) ( ) ( ) γβα coscoscos 000

0 MuMuMu
a

Mu
zyx ′+′+′=

∂

∂
        (13.1) 

Here  

















++
=

++
=

++
=

.cos

,cos

,cos

222

222

222

zyx

z

zyx

y

zyx

x

aaa

a

aaa

a

aaa

a

γ

β

α

           (13.2) 

 

 

 

 

Example 13.1.  Find the directional derivative of the function 225 yxxyz −=  

at a point ( )2;30M  in the direction of the vector 10MM  , when the point 1M  has 

coordinates ( )6;6 . 
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Solution.  Find the coordinates of the vector  10MM : 

 

( ) ( ) ( )4;326;36;
0101

10 =−−=−−== MMMM yyxxMMa  

 

Find partial derivatives of the given function:  

( )

( ) yxxyxxy
y

z

xyyyxxy
x

z

y

x

222

222

255

;255

−=
′

−=
∂

∂

−=
′

−=
∂

∂

. 

Using the formulas (13.1)  and (13.2) we have 

 

 

( ) ( ) ( )

( ) .2.258,0216.014             

169

4
25

169

3
25

2
3

2

2
3

20

−=⋅−+⋅−=

=
+

⋅−+
+

⋅−=
∂

∂

=
=

=
=

y
x

y
x yxxxyy

a

Mz

                                                 

 

The vector which coordinates are the values of partial derivatives of the first 

order at a point ( )0000 ,, zyxM  is called gradient vector of a function ( )zyxfu ,,=  

at a point ( )0000 ,, zyxM  

( ) ( ) ( ) ( )( )0000 ;; MuMuMuMzgrad zyx ′′′=      (13.3) 

 

 

Gradient vector points in the direction of the greatest rate of the change of the 

function and whose magnitude is the greatest rate of change  

( )
( ) ( ) ( ) 2

0

2

0

2

0
0 









∂

∂
+









∂

∂
+









∂

∂
=

z

Mu

y

Mu

x

Mu
Mzgrad   (13.4)   

 

Example 13.2. Find the direction of the greatest rate of the change of the 

function 32
yxu =  and magnitude of the greatest rate of the change at the point 

( )2;10M . 

 

Solution.   In this case the formula (13.4) has the form  

( )
( ) ( ) 2

0

2

0
0 









∂

∂
+









∂

∂
=

y

Mu

x

Mu
Mzgrad . 

As  

( ) ( ) ( ) 162
2
1

3

2
1

320 ==
′

=
∂

∂

=
=

=
=

y
x

y
xx xyyx

x

Mu
, 
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( ) ( ) ( ) ,123
2
1

22

2
1

320 ==
′

=
∂

∂

=
=

=
=

y
x

y
xy yxyx

y

Mu
 

Then  ( ) ( )12;160 =Mzgrad  

and  ( ) .204001216
22

0 ==+=Mzgrad  

 

 

14.  Extreme of a Functions of Two Variables 

 

Definition 14.1. A function ( )yxfz ,=  has minimum (maximum) at a point  

( )000 , yxM  if ( ) ( )yxfyxf ,, 00 <  ( ) ( )( )yxfyxf ,, 00 >  for all points which belong 

to sufficiently small neighborhood of a point ( )000 , yxM . 

 

Definition 14.2.  The points at which a function ( )yxfz ,=  has maximum or 

minimum are called the points of extreme of the function. 

 

Definition 14.3. The points at which partial derivatives of the first order do not 

exist or equal to zero are called the critical points or points suspicious on extreme. 

 

Definition 14.4. The points at which all partial derivatives of the first order 

exist and are equal to zero are called the critical (stationary) points. 

 

Example 14.1. Find critical points of the function 

 

12322 +−++−= yxyxyxz . 

 

Solution:  Find partial derivatives 

32 +−=′ yxz x ; 

22 −+−=′ yxz y . 

These derivatives exist for all x  and y . It means that function have stationary points 

if 0=′xz  and 0=′yz . 

Make up the system of  the equations  

 










=

−=

⇒




=+−

−=−
⇒





=−+−

=+−
⇒





=′

=′

3

1

3

4

22

32

022

032

0

0

y

x

yx

yx

yx

yx

z

z

y

x
. 

Hence the point 0M 







−

3

1
;

3

4
 is the stationary point of the given function. 
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Theorem 14.1. (the necessary conditions for extreme).  

 

If a differentiable function ( )yxfz ,=  attains an extremum at a point 

( )000 , yxM  its partial derivatives turn into zero at that point: 

( )yxfz ,=  has extremum at ( )000 , yxM














=








∂

∂

=








∂

∂

⇒

=
=

=
=

.0

,0

0

0

0

0

yy
xx

yy
xx

y

z

x

z

 

In other words a point ( )000 , yxM  is a critical point of the given function. 

 

Proof.  

 

Let the function ( )yxfz ,=  have an extremum at the point ( )000 , yxM . Let y 

be fixed:  0yy = . It means that the function ( )0, yxfz =  is the function of one 

variable.It follows from the condition of the theorem, that this function has extremum 

at the point 0xx = . Hence, its derivative with respect to x should be equal to zero at 

the point 0xx = . That is 0

0

0

=








∂

∂

=
=

yy
xxx

z
. Similarly we get 0

0

0

=








∂

∂

=
=

yy
xxy

z
. The theorem 

is proved. 

As we know the equation of the tangent plane to the surface ( )yxfz ,=  is 

( ) ( ) ( ) ( )0000000 ,, yyyxfxxyxfzz yx −⋅′+−⋅′=− . 

It is clear that it turns to 0zz =  for a stationary point ( )000 , yxM .  

Thus, geometric meaning of this theorem is:  

If a differentiable function ( )yxfz ,=   attains an exstremum at a point 

( )000 , yxM , then the tangent plane to the surface  at the corresponding point 

should be parallel to the coordinate plane of the independent variables. 

 

 

•• Let the function ( )yxfz ,=  be continuous together with its partial 

derivatives of the first and the second orders and let a point ( )000 , yxM  be a 

stationary point of this function. Denote      

( ) ( ) ( )
C

y

Mz
B

yx

Mz
A

x

Mz
=

∂

∂
=

∂∂

∂
=

∂

∂
2

0
2

0
2

2

0
2

;; , and form  
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∆ ( )0M  = 

( ) ( )

( ) ( )
2

0
2

0
2

0
2

2

0
2

y

Mz

yx

Mz

yx

Mz

x

Mz

∂

∂

∂∂

∂

∂∂

∂

∂

∂

= 2
BAC

CB

BA
−= .  

 

     Theorem 14.2. (the sufficient conditions for extreme).  

 

If ∆ ( )0M >0  the function ( )yxfz ,=  has extreme at a point ( )000 , yxM  

which is maximum if 0<A  and minimum if 0>A . 

 

      If 02 <− BAC  there is no extreme of the given function at the point ( )000 , yxM . 

Note, that the point ( )000 , yxM  is called a saddle point. 

 

     If 02 =− BAC  the properties of the second derivatives do not provide any answer 

to the question of existence of an extreme and further investigation will be needed. 

 Example. Find the extrema of the function .3
3

1
2 32

yyxyxz −+−=   

  Solution. 

 The given function is continuous and differentiable everywhere in the xy-plane.  

1). Using the conditions













=
∂

∂

=
∂

∂

.0

,0

y

z

x

z

 find the critical points of the given function. 





=−+−

=−
⇒













=−+−=
′









−+−=

∂

∂

=−=
′









−+−=

∂

∂

032

0

0323
3

1
2

0223
3

1
2

2
232

32

yx

yx

yxyyxyx
y

z

yxyyxyx
x

z

y

x
 

The solution of this system gives two stationary points ( )3,31M  and ( )1,12 −−M . 

 2). To use the sufficient conditions for extreme evaluate the second derivatives 

of the given function. 

 

( )

( )

( ) .222

,232

,2223
3

1
2

2

2

2

2

32

2

2

−=
′

−=
∂∂

∂

=
′

−+−=
∂

∂

=
′

−=
′








 ′








−+−=

∂

∂

y

y

x

xx

yx
yx

z

yyx
y

z

yxyyxyx
x

z

 

a) Consider the point ( )3,31M . 
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Hence  
( ) ( ) ( )

62;2;2
3
3

2

1
2

1
2

2

1
2

==
∂

∂
=−=

∂∂

∂
==

∂

∂
=

=
=

y
xy

y

Mz
C

yx

Mz
B

x

Mz
A , then 

     ∆ ( )1M  = 08412
62

22
>=−=

−

−
=

CB

BA
, 02 >=A  and the function 

has minimum at the point ( )3,31M . 

b) Consider the point ( )1,12 −−M . 

Hence  
( ) ( ) ( )

22
2

;2;2
1
1

2

2
2

2

2

2
2

−==
∂

∂
=−=

∂∂

∂
==

∂

∂
=

−=
−=

y
xy

y

Mz
C

yx

Mz
B

x

Mz
A , then 

     ∆ ( )2M  = 0844
22

22
<−=−−=

−−

−
=

CB

BA
, so the function has not 

extremum at the point ( )1,12 −−M . 

 

 

 

15. The Conditional  Extreme of Functions of Two Variables 

 

Definition. An extreme of function ( )yxfz ,=  under condition ( ) 0, =yxϕ  is 

called a conditional extreme of the function. 

There are two methods of finding conditional extreme. 

 

I. To find a conditional extreme by Lagrange method. To do it we need: 

    1). Write the Lagrange function 

( ) ( ) ( )yxyxfyxL ,,,, λϕλ +=  ,  

    where λ is an arbitrary constant  parameter. 

    2). Find critical points ( )kkkk yxM λ,,  of Lagrange’s function, using necessary 

condition of existence of  the extreme  

 















=
∂

∂

=
∂

∂

=
∂

∂

0

0

0

λ

L

y

L
x

L

⇒

( )













=

=
∂

∂
+

∂

∂

=
∂

∂
+

∂

∂

0,

0

0

yx

yy

f
xx

f

ϕ

ϕ
λ

ϕ
λ

 

 

     3). Check sufficient conditions at every critical points of the function for   

existence of an extreme : 

 

    a) if at a point ( )kkkk yxM λ,,  the determinant of the third order 
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( )
( ) ( )

( ) ( ) ( )
( ) ( ) ( )kyykyxky

kxykxxkx

kykx

k

MLMLM

MLMLM

MM

M

′′′′′

′′′′′

′′

=∆

ϕ

ϕ

ϕϕ0

 

 

         is positive, then a point kM  is a point of maximum and 

 

( ) ( )kkk yxfMfz ,max == : 

 

      b) if determinant ( )kM∆  is negative,  a  point kM  is a point  of minimum 

 

( ) ( )kkk yxfMfz ,min == . 

 

II. To find a conditional extreme by the substitution method. To do it we need: 

 

a) solve equation ( ) 0, =yxϕ  for x ; 

 

b) substitute this variable into the equation ( )yxfz ,= ; 

 

 

c) examine the function of one variable for extreme. 

  

 

Example. Let us determine the greatest value of the function yxz
2=  on 

condition that  x  and y  are positive and satisfy the equation 6054 =+ yx .  

 

Solution. 

   I.  Let us use the Lagrange method. 

1) write the Lagrange function 

( ) ( )6054,, 2 −++= yxyxyxL λλ ; 

2) find critical points 

 

 

( )








=+

=+
−

05

04
5

4602

2 λ

λ

x

xx

     
( )





=+

=+−
⇒

⋅

⋅

0204

0204602

4

5
2 λ

λ

x

xx
, 

( ) 10,0010

010

012120

048120

2

2

22

==⇒=−

=−

=−

=−−

xxxx

xx

xx

xxx
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0=x  does not make sense, 

 

20
2

410

24

2
4

5

4060
−=

⋅
−=−=

−
==

−
=

xyxy
y λ  

 

So, critical point is ( )20;4;100 −M . 

 

3) find ( )0M∆  

x
yx

L

y

L
y

x

L
2,0,2

2

2

2

2

2

=
∂∂

∂
=

∂

∂
=

∂

∂
 

 

 

( ) ( ) ( )
20,0,8 0

2

2

0
2

2

2

=
∂∂

∂
=

∂

∂
=

∂

∂

yx

ML

y

ML

x

ML o  

 

 

5,4 =
∂

∂
=

∂

∂

yx

ϕϕ
 

 

( )0M∆ 0600200400400

0205

2084

540

>=−+==  

 

 

   4) 10=x  and 4=y  maximized the utility function which have maximum value 

.4004102
max =⋅=z  

 

 

II. Let us use the substitution method. 

 

1) Solve equation 6054 =+ yx  for x  

( )
5

460 x
y

−
= , 

 

2) Substitute  
( )

5

460 x
y

−
=  in  yxz

2=  

( )
5

4602
xx

z
−

= , 



 

 

 

28 

3) examine 
( )

5

4602
xx

z
−

=  for extreme 

 

Domain of the function z : ( ) RzD =  

 

   
( ) ( )

5

12120

5

48120

5

44602 2222
xxxxxxxx

z
−

=
−−

=
−+−

=′  

 

( ) 




=

=
⇒=−⇒=′

.10

,0
010120

2

1

x

x
xxz  

 

As 
( )






=

=
⇒

−
=

,4

,12

5

460

2

1

x

yx
y   

 

then we have two critical points ( ) ( )4;10and12;0 21 MM .  

 

 

 
 

 

024
5

24120
10 <−=

−
=′′ =xz ,then 

 

.4004102
max =⋅=z  

 

 

 

 

16. The Greatest and the Least Values of a Function of Two Variables 

 

To find the greatest ( )yxf D ,max  and the least ( )yxf D ,min  values of the 

function ( )yxfz ,=  in the closed region D  we need to find the extreme values of the 

function at the points that lie inside of  D , and on the boundary of the region. From 

these values choose the greatest and the least values. This numbers will be the 

greatest and the least values of the function ( )yxfz ,=  in the closed region D . 
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Example. Find the greatest and the least values of the function 

( )yxyxz −−= 42  in the triangle bounded by the lines 

,0=x ,0=y 6=+ yx . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 16.1. 

 

Solution.  

 

Find the critical points inside the region  

( ) ( )

( ) ( )





−−=−−−=′

−−=−−−=′

yxxyxyxxz

yxxyyxyxxyz

y

x

244

23842

222

2

. 

 

According to the necessary condition for the existence of the extreme of the 

function of two variables have a system of equations 

 

( )

( )



=−−

=−−

024

0238

2
yxx

yxxy
 

 

Inside of the region 0≠x  and 0≠y , then 

 





=

=
⇒





=+

=+

1

2

42

823

y

x

yx

yx
. 

 

At the critical point ( )1,21M  we have ( ) 41,2 =z . 

 

Now we examine the function on the boundary of the triangle. On the straight line 

6=+ yx  variable xy −= 6  and function z  takes the form 

( ) ( ) ( ) [ ]6,0,62646 22 ∈−=−+−⋅−= xxxxxxxz . 
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Let us find the least and the greatest volumes of this function of one variable 

on the closed interval [ ]6,0 . 

( ) 4,0046,0;246 21
2 ==⇒=−=′−=′ xxxxzxxz  

 Find the values of the function at the points 6,4,0 === xxx . 

( ) ( ) ( ) 06,00,644 ==−= zzz . 

On the straight line 0=y  we have 0=z . 

On the straight line 0=x  we have 0=z . 

At the point ( )0,6  0=z .  

At the point ( )6,0  z=o. 

So, the given function z have the greatest value at the point ( )1,21M  inside the 

region and the least value   at the point ( )2,42M  on the boundary of the region. 

64

4

min

max

−=

=

D

D

z

z
. 

 

 

17. Solution of Problems  

Problem 1. Let the function 
x

y
z

 52

2

=  be given. Find: 

a) the total differential of the first order; 

b) all partial derivatives of the second order. 

 

Silution. 

• a)  The total differential of the first order can be calculated using the formula  

+
∂

∂
= dx

x
dz

 

z 
dy

y 

z 

∂

∂
. 

Calculate the partial derivatives of the first order: 

 

constyxx

y

x

z

=

′











=

∂

∂

52 

 
2

= =
′










x

y 1

52

2

;
52 2

2

x

y
−  

constxyx

yz
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′











=

∂

∂

52y 

 
2

= ( ) =
′2

52

1
y

x
.

26x

y
 

So, 

+−= dx
x

y
dz

2

2

 52
dy

y

26x
. 

• b) Calculate the partial derivatives of the second order: 

=
∂

∂
2

2

 x

z

x
x

y
′











−

2

2

52
= ( ) =

′
− −2

2

52
x

y ( ) =
′

−− −3
2

2 
52

x
y

;
26 2

2

x

y
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− 2
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y
;

26 2
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∂
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x26

1
;

26
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=
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∂
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2
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x

y 1

26
.

26 2
x

y
−  

 Note that: =
∂∂

∂

yx

z

 

2

.
  

2

xy

z

∂∂

∂
 

 

Problem 2. Let the function yxzeu 252 += , the point ( )1;1 ;1 −−A ,  and the vector 

( )52;522 ;2=a  be given. Find: 

a) a gradient of the given function at the given point: ( ( )Afgrad  ); 

b) a derivative of the function into direction of the vector a  at the point A: 
( )










∂

∂

a

Af
. 

  Solution. 

 • a) Gradient of the given function at a given point we’ll find using the 

formula: 

 ( )
( ) ( ) ( )










∂

∂

∂

∂

∂

∂
=

x

Au

y

Au

x

Au
Augrad

 

 
;

 
;

 

 
 .   
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2) ( ) =
′

=
∂

∂ +

y

yxz
e

y

u 252  ⇒⋅+
ye

yxz 2252  

⇒
( )

=
∂

∂

y

Au ( )
=

∂

−∂

y

u 1 ;1;1 
=

−=
=

−=
+

1
1

1
2522

z
y
x

yxz
e ;2 54

e  

3) ( ) =
′

=
∂

∂ +

z

yxz
e

z

u 252
 ⇒⋅+ ze yxz 52252  

⇒
( )

=
∂

∂

z

Au

 

 ( )
=

∂

−∂

z

u

 

1 ;1;1 
=⋅

−=
=

−=
+

1
1

1
252 52

z
y
x

yxz
ze .52 54e−  

So  
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( ) ( )545454 52;2;52 eeeAugrad −−= ( ) ( )26;1 ;262 54 −−=⇒ eAugrad . 

 

• b) Using the formula for finding a derivative of the function into direction of the 

vector a  at the point A we have: 

 

( )
a

Au

∂

∂ 
=

( ) ( ) ( )









∂

∂
+

∂

∂
+

∂

∂

++
zyx

zyx

a
z

Au
a

y

Au
a

x

Au

aaa  

 

 

  1

222
= 

 

( )

( ) ( ) ( )






















−=
∂

∂
=

∂

∂
−=

∂

∂

=+=+⋅+=++⇒








=

=

=

545454

222222

52,2,52

54522525242

52

522

2

e
z

Au
e

y

Au
e

x

Au

aaa

a

a

a

zyx

z

y

x

 

 = ( ) ( )=⋅−+−=⋅−⋅+⋅− 13525226
27

2
52525222252

54

1 54
545454 e

eee  

 = ( ).70252
27

2 54

−
e

 

The answer: ( ) ( )26;1 ;262 54 −−= eAugrad ;  
( ) ( ).70252

27

2 54

−=
∂

∂ e

a

Au
 

 

Problem 3. Investigate the function xyyxz 333 −+= for extremum. 

Solution. 

1. Find the critical points using the conditions    










=
∂

∂

=
∂

∂

.0

,0

y

z

x

z

. 

( )

( )












−=
∂

−+∂
=

∂

∂

−=
∂

−+∂
=

∂

∂

xy
y

xyyx

y

z

yx
x

xyyx

x

z

33
3

33
3

2
33

2
33

. So we have the system: 

 

( )

( )





=−

=−
⇒







=−

=−

20

0

033

033

2

2

2

2

xy

yx

xy

yx �
 

 

1). (1) ⇒  2
xy =       (3) 
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2). (3) →  (2) ⇒ ( )   
,1

,0
010

2

134





=

=
⇒=−⇒=−

x

x
xxxx   (4) 

3). (4) →  (3) 




=

=
⇒

1

0

2

1

y

y
. 

 

Thus there are  two critical points: ( )0;01P  and ( ) 1;1 2P . 

 

2. To answer the question if the point ( )000 , yxP  is the point of extremum or 

not we must consider 
2BAC

CB

BA
−==∆  where  

( )
2

0
2

x

Pz
A

∂

∂
= ,   

( )
yx

Pz
B

∂∂

∂
= 0

2

,   and 
( )
2

0
2

y

Pz
C

∂

∂
= :  

 

1) if  0>∆  then extremum exists, and for A > 0 it is minimum,for A < 0 it is 

maximum, 

 

2) if 0<∆  extremum doesn’t exist, 

 

3) 0=∆  we can say nothing.  

The second derivatives are 

 

( ) ,633 2

2

2

xyx
x

z

consty
x =′−=

∂

∂

=
   

( ) ,333 2
2

−=′−=
∂∂

∂

=constx
yyx

yx

z
  

  

.6
2

2

y
y

z
=

∂

∂
  

a) Consider the point ( )0;01P : 

 

( )
06

0,0

0
02

2

==
∂

∂
=

=
=

y
xx

x

z
A ,  

( )
,06

0,0

0
02

2

==
∂

∂
=

=
=

y
xy

y

z
C   

 

( )
.33

0,0

0
0

2

−=−=
∂∂

∂
=

=
=

y
x

yx

z
B  

  

So ⇒<−=
−

−
==∆ 09

03

30

CB

BA
 extremum doesn’t exist at the point ( )0;01P . 
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b) Consider the point ( )1,12P :
( )

,66
1,1

1
12

2

==
∂

∂
=

=
=

y
xx

x

z
A  

 

 
( )

,66
1,1

1
12

2

==
∂

∂
=

=
=

y
xy

y

z
C  

( )
33

1,1

1
1

2

−=−=
∂∂

∂
=

=
=

y
x

yx

z
B . 

 

Thus we have ⇒>=
−

−
==∆ 027

63

36

CB

BA
extremum  exists. As 06 >=A  it is 

minimum. 

( ) =1,1minz ( ) .13113
1
1

33 −=−+=−+
=
=

y
xxyyx  

 

The answer: ( ) .12min −=Pz  

 

Problem 4. Find the domain of the function: 

a) 
42

1
22 −+

=
yx

u    b) ( )yxyxu 42lg 22 ++−=  

 

 Solution. 

• a) ( ) 042:
42

1 22

22
≠−+⇒

−+
= yxuD

yx
u .  

First find the boundary whose equation is .042 22 =−+ yx  

( )
1

22
1

24
42042

2

2

2

222
2222 =+⇒=+⇒=+⇒=−+

yxyx
yxyx  

 

 

The boundary of  the domain is the ellipse with 

the center in the original and semi axes ,2=a  

2=b . Hence the domain of the given 

function is the xy-plane except the points of the 

ellipse. 
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• b) ( ) ( ) 042:42lg 2222 >++−⇒++−= yxyxuDyxyxu . 

  

The boundary of the domain of the given function is the curve 

04222 =++− yxyx .  Completing the squares gives us 

( ) ( )
( )

( )
( )

( )
1

3

1

3

2
321042

2

2

2

2
2222 =

+
−

−
⇒−=−−+⇒=++−

xy
yxyxyx  

 

 

The boundary of  the domain is the 

hyperbola with the center at the point ( )2,1−A . 

Hence the domain of the given function is the 

outer part of the plane 0xy with respect to 

hyperbola. The hyperbola does not belong to 

the domain.  

 

 

 

 

 

 

 

Problem 5. The function xy
e

x

y /

2
 is given. Does this function satisfy the 

equation 0
2

2

=
∂

∂
+

∂

∂

y

z
y

x

z
? 

 

 Solution. 

1) ( ) xy
x

xy
e

x

y
e

x

z /

2

/ −=
′

=
∂

∂
; 

 

2) ( ) xy

y

xyxy
y

xy
e

x
e

xy

z
e

x
e

y

z /

2

/

2

2
// 111

=
′









=

∂

∂
⇒=

′
=

∂

∂
; 

 

3) 000
1 /

2

/

22

2

=⇒=







+−=

∂

∂
+

∂

∂ xyxy
e

x
ye

x

y

y

z
y

x

z
. 

 

Thus the function xy
e

x

y /

2
 satisfies the equation 0

2

2

=
∂

∂
+

∂

∂

y

z
y

x

z
. 
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Problem 6. Using the total differential of the function of two variables 

calculate approximately  
3 02.02

201.3 − , knowing that .69.02 ≈nl  

 

 Solution. 

 Let us consider the function ( ) == yxfz , 3 2
2

y
x − .  

Assume  

 

01.001.3,3 10 =∆⇒== xxx , 

02.002.0,0 10 =∆⇒== yyy , 

( ) == 02.0;30 fz 223
3 02 =− ,  

 

then the desired value is ( ) == 02.0;31 fz 3 02.02
201.3 − . 

Using the formula (10.1) we have  

 

 zdzz +≈ 01 ,  

 

where y
y

z
x

x

z
dz

yy
xx

yy
xx

∆⋅
∂

∂
+∆⋅

∂

∂
=

=
=

=
=

0

0

0

0

. 

As  

 

( )
( )

33.0
43

4

23

2
2

0
3

3 220
3

3 2

0

0

≈
⋅

=

−⋅

=
′

−=
∂

∂

=
==

=

=
=

y
x

yy
xx

y

yy
xx

x

x
x

x

z
3, 

 

( )
( )

−=
⋅

−
≈

−⋅

−
=

′
−=

∂

∂

=
==

=

=
= 43

69.0

23

2ln2
2

0
3

3 220
3

3 2

0

0

y
x

y

y

y
xy

y

yy
xx

x

x
y

z
0.058, 

 

then   

 

 
3 02.02

201.3 − =[ ] 004.202.0058.001.0333.0201 =⋅−⋅+=+≈ zdzz . 

 

Answer: .004.2201.3
3 02.02 ≈=−  
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Problem 7. Find equations of the tangent plane and normal of the surface  
22

yxyxz ++=   at the point ( )7,2,1M . 

 

 Solution. 

  

1) To find the equation of the tangent plane use the equation (8.5) 

 

( ) ( ) ( ) ( )0000000 ,, yyyxfxxyxfzz yx −⋅′+−⋅′=− , 

 

where ;7,2,1 000 === zyx             

( ) ( ) ( ) ,42,
2
1

2
1

22
00 =+=

′
++=′

=
=

=
= y

x

y
xxx yxyxyxyxf  

 

( ) ( ) ( ) .52,
2
1

2
1

22
00 =+=

′
++=′

=
=

=
= y

x

y
xyy yxyxyxyxf    

So the equation of the tangent plane is 

 ( ) ( ) .345455447 −+=⇒−+−+= yxzyxz   

 

2) To find the equations of the  normal line use the equation (8.4) 

( ) ( )
⇒

′

−
=

′

−
=−

00

0

00

0
0

,, yxf

yy

yxf

xx
zz

yx

 
5

2

4

1

1

7 −
=

−
=

− yxz
. 

 

Answer: ,3454 −+= yxz  
5

2

4

1

1

7 −
=

−
=

− yxz
.     
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18. REVISION EXERSISES 

 
 

 The values of the parameters a, b, c in the conditions of variants are: 

 
 

a – the first letter of your surname 

b – the first letter of your name 

c – the first letter of your patronymic 
 
 

1 2 3 4 5 6 7 8 9 

А В С D Е F G H I 

J K L M N O Р Q R 

S T U V W X Y Z  
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Variant 1.  

 

1. Let the function 
( ) yb

x
z

 1

2

+
= be given. Find: 

    a) differential of the first order); 

    b) partial derivatives of the second order. 

 

2. Let the function ( )   ,2 232
zxycxu +++= the point ( )1;2;1  −A  and the vector 

( )1;12 ;2 ++= aaa  be given. Find: 

 

a) the gradient of the given function at a given point ( ( )Afgrad  ) 

b) derivative of the function into direction of the vector a  at the point A 
( )










∂

∂

a

Af
. 

 

3. Investigate the function yxxyxz 12153 23 −−+= for extremum. 

 

4. Find the domain of the function : 

a) 2229 yxyz −= ;  

b) 
22

1

yx
z

+
= . 

 

5. The function 

( )522
yx

y
z

−
=  is given. Does this function satisfy the equation 

0
11

2
=−

∂

∂
⋅+

∂

∂
⋅

y

z

y

z

yx

z

x
? 

 

6. Using the total differential of the function of two variables calculate 

approximately ( ) 05.4
02.1  

 

7. Find equations of  the tangent plane and normal of the surface  
94

22 yx
z +=   at the 

point ( )2,3,2M . 
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Variant  2. 

 

1. Let the function 
( ) yb

x
z

 2
ln

+
= be given. Find: 

a) differential of the first order 

 

b) partial derivatives of the second order. 

 

2. Let the function ( ) ( )2 ;1 ;1  ,ln1 3
Azyxcu ++= the point ( )1;2;1  −A  and the vector 

( )1;12 ;2 ++= cca  be given. Find: 

 

a) the gradient of the given function at a given point ( ( )Afgrad  ), 

b) derivative of the function into direction of the vector a  at the point A 
( )










∂

∂

a

Af
. 

3. Investigate the function xyyxz 933 −+= for extremum. 

 

4. Find the domain of the function: 

a)
2

arcsin
x

y
z = ;  

b) 
221

1

yx
z

++
= . 

 

5. The function y
xz =  is given. Does this function satisfy the equation 

 

                     ( )
x

z
nxy

yx

z
y

∂

∂
⋅+−

∂∂

∂
⋅ l1

2

 = 0 ? 

6. Using the total differential of the function of two variables calculate approximately 

      

                                
22

03.604.8 + . 

7. Find equations of  the tangent plane and normal of the surface  
22

9 yxz −−=   

at the point ( )2,2,1M . 

 

 

 

 

 

 

 

 

 



 

 

 

41 

Variant 3. 

 

1. Let the function 
( ) 2

 2 xyaez += be given. Find: 

 

a) differential of the first order; 

 

b) partial derivatives of the second order. 

 

 

2. Let the function 
( )

 , 
2

3

xzb
x

yb
u +

+
= the point ( )1;0;1 −A  and the vector 

( )1;12 ;2 ++= bba  be given. Find: 

 

a) the gradient of the given function at a given point ( ( )Afgrad ); 

 

b) derivative of the function into direction of the vector a  at the point A 
( )










∂

∂

a

Af
. 

 

3. Investigate the function 2822 −−+= xyxz for extremum. 

 

4. Find the domain of the function: 

 

a) ( )1−= xynz l ;  

b) 
yx

z
+

=
1

. 

 

5. The function xy
x

y
z arcsin

3

2

+=  is given. Does this function satisfy the equation 

022 =+
∂

∂
⋅−

∂

∂
⋅ y

y

z
xy

x

z
x ? 

 

6. Using the total differential of the function of two variables calculate approximately 

 

                .59cos32sin oo ⋅  
 

7. Find equations of  the tangent plane and normal of the surface  
22

26 yxz −−=   

at the point ( )1,4,3M . 

 

 

 



 

 

 

42 

Variant 4. 

 

1. Let the function ( )yxaz 2 sin= be given. Find: 

 

a) differential of the first order; 

 

b) partial derivatives of the second order. 

 

2. Let the function 
( )

  ,21 yxzbeu ++= the point ( )1;1 ;1 −−A  and the vector 

( )1;12 ;2 ++= aaa  be given. Find: 

 

a) the gradient of the given function at a given point ( ( )Afgrad ); 

 

b) derivative of the function into direction of the vector a  at the point A 
( )










∂

∂

a

Af
. 

 

 

3. Investigate the function yyxyxxz 63 22 +−−−= for extremum. 

 

4. Find the domain of the function: 

a) 
2

arccos
y

x
z = ;  

b) 
yx

z
−

=
1

. 

 

5. The function ( )1222 +++= xyxnz l  is given. Does this function satisfy the 

equation 0
2

2

2

2

=
∂

∂
+

∂

∂

y

z

x

z
. 

 

6. Using the total differential of the function of two variables calculate approximately 

       ( ) .05.4
98.0

 

 

              

7. Find equations of  the tangent plane and normal of the surface  22 yxz −=   at the 

point ( )9,4,5M . 
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Variant 5. 

1. Let the function 
xb

y
z

 

2

= be given. Find: 

a) differential of the first order; 

 

b) partial derivatives of the second order. 

 

2. Let the function 
( )

    ,cos1 zxyu xc += + the point 







−

2
 ;2;0    
π

A  and the vector 

( )1;12 ;2 ++= bba  be given. Find 

 

a) the gradient of the given function at a given point ( ( )Afgrad ); 

 

b) derivative of the function into direction of the vector a  at the point A 
( )










∂

∂

a

Af
. 

 

 

3. Investigate the function 4303622 33 +−+= xyyxz for extremum. 

 

4. Find the domain of the function: 

 

a) 4 22
39 yxz −−= ;  

b).
1

1
22 −−

=
yx

z . 

 

5. The function xyez =  is given. Does this function satisfy the equation 

02
2

=−
∂

∂
−

∂∂

∂
⋅ zxy

y

z

yx

z
x ? 

 

6. Using the total differential of the function of two variables calculate approximately 

              ( )23 99.09.0 += nz l , knowing that .69.02 ≈nl  

 

7. Find equations of  the tangent plane and normal of the surface  22 yxz +=   at the 

point ( )5,2,1M . 
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Variant 6. 

 

1. Let the function 
ay

x
z cos= be given. Find: 

a) differential of the first order; 

 

b)partial derivatives of the second order. 

 

2. Let the function   ,arcsin bxyxzu += the point 







0 ;;

2

1
 bA  and the vector 

( )1;12 ;2 ++= aaa  be given. Find: 

 

a) the gradient of the given function at a given point ( ( )Afgrad ); 

b) derivative of the function into direction of the vector a  at the point A 
( )










∂

∂

a

Af
. 

 

3. Investigate the function yxxyz 242 −−= for extremum. 

 

4. Find the domain of the function: 

 

a)  ( )22 yxgz −= l ;  

b)  
yyx

z
9

1
22 ++

= . 

 

5. The function 
y

x
z =  is given. Does this function satisfy the equation 

0
2

=
∂

∂
−

∂∂

∂
⋅

y

z

yx

z
x ? 

 

6. Using the total differential of the function of two variables calculate approximately 

      
4 01.02

799.2 e⋅+ . 

 

7. Find equations of  the tangent plane and normal of the surface  xyz =   at the point 

( )12,4,3M . 
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Variant 7. 

 

1. Let the function 
ay

x
z cos= be given. Find: 

a) differential of the first order; 

 

b)partial derivatives of the second order. 

 

2. Let the function   ,arcsin bxyxzu += the point 







0 ;;

2

1
 bA  and the vector 

( )1;12 ;2 ++= aaa  be given. Find: 

 

a) the gradient of the given function at a given point ( ( )Afgrad ); 

b) derivative of the function into direction of the vector a  at the point A 
( )










∂

∂

a

Af
 

. 

3. Investigate the function yxxyyxz 32 22 +−++= for extremum. 

 

4. Find the domain of the function: 

 

a)  
14

1

2 −+
=

yx
z ;  

b)  
xyx

z
2

1
22 ++

= . 

 

5. The function ( )yexnz −+= l  is given. Does this function satisfy the equation 

0
2

22

=
∂

∂
⋅

∂

∂
−

∂∂

∂
⋅

∂

∂

x

z

y

z

yx

z

x

z
? 

 

6. Using the total differential of the function of two variables calculate approximately 

      
02.02

503.2 e⋅+ . 

 

7. Find equations of  the tangent plane and normal of the surface  
22

1 yxz +−=   

at the point ( )2,2,1M . 
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Variant 8. 

 

1. Let the function yaxz ln2=  be given. Find: 

 

a) differential of the first order; 

 

b)partial derivatives of the second order.       

 

2. Let the function ( )   ,
12

z
byxtgu ++= the point 








2;;0   

b
A

π
 and the vector 

( )1;12 ;2 ++= bba  be given. Find: 

 

a) the gradient of the given function at a given point ( ( )Afgrad ); 

b) derivative of the function into direction of the vector a  at the point A 
( )










∂

∂

a

Af
. 

 

3. Investigate the function xyxyxz 623 ++= for extremum. 

 

4. Find the domain of the function: 

 

a)  
( )22

2 4

1

yxog
z

+−
=
l

;  

b)  
yx

z
2

1
2 −

= . 

 

5. The function 

( )522
yx

y
z

−
=  is given. Does this function satisfy the equation 

0
11

2
=−

∂

∂
⋅+

∂

∂
⋅

y

z

xy

z

yx

z

x
? 

 

6. Using the total differential of the function of two variables calculate approximately 

     ( ).1.101.0 24 +nl  

 

7. Find equations of  the tangent plane and normal of the surface  22 23 yxyxz +−=   

at the point ( )24,3,1−M . 
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Variant 9. 

 

1. Let the function 
x

z
yxcu += 23  be given. Find: 

a) differential of the first order; 

 

b)partial derivatives of the second order. 

    

2. Let the function   ,32
axyzu −= the point ( )1 ;;1 bA −−  and the vector 

( )1;12 ;2 ++= cca  be given. Find: 

 

a) the gradient of the given function at a given point ( ( )Afgrad ); 

b) derivative of the function into direction of the vector a  at the point A 
( )










∂

∂

a

Af
. 

 

3. Investigate the function 168 33 −++= xyyxz  for extremum. 

 

4. Find the domain of the function: 

 

a) ( )
6 22 24

1
2sin

yyxx
yxz

++−
+= ;  

b) 
xy

z
4

1
2 −

= . 

 

5. The function xy
xezz

/==  is given. Does this function satisfy the equation 

04
2

2

2

2

=
∂

∂
−

∂

∂

x

z

y

z
? 

 

6. Using the total differential of the function of two variables calculate approximately 

      
3 02.02

201.3 − , knowing that .69.02 ≈nl  

 

7. Find equations of  the tangent plane and normal of the surface  22
yxyxz ++=   

at the point ( )7,2,1M . 
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